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Abstract  

We s t u d v  general .  non-Hamiltonian p e r t u r b a t i o n s  of i n t e g r a b l e  systems w i t h  

cvo degrees  of freedom. The approach is t o  cons ide r  asymptotic behavior  of 

s o l u t i o n s  near  a resonant  manifold. parameter ized by t h e  energy. We u s e  

act ion-angle  v a r i a b l e s .  and averaging on a f a s t  and an i n t e r m e d i a t e  time s c a l e ,  

along wi th  bo th  canonical and non-canonical t r a n s f o r m a t i o n s  of v a r i a b l e s .  

A s u i t a b l e  g e n e r a l i z a t i o n  of t h e  PoincarG-Birkhoff theorem is proved, 

namely t h e  ex i s t ence  of p a i r s  of quasi-preserved p e r i o d i c  s o l u t i o n s ,  a l t e r n a t -  

i n g l y  of  e l l i p t i c  and hyperbol ic  t ype .  These s o l u t i o n s  appear as p o i n t s  on a 

reduced r e p r e s e n t a t i o n  of t h e  resonant  manifold,  c o o r d i n a t i z e d  by energy and a 

slow phase. Near hyperbol ic  p o i n t s ,  t h e r e  e x i s t  open escape sets of i n i t i a l  

d a t a  on t h e  resonant manifold which l e a d  t o  s o l u t i o n s  l eav ing  i n  f i n i t e  time a 

given,  perturbation-independent neighborhood of t h e  manifold. Near e l l i p t i c  

p o i n t s ,  we prove t h e  e x i s t e n c e  of i n v a r i a n t  manifolds  of  s o l u t i o n s ,  asymptoti-  

c a l l y  s table  i n  t h e  l a r g e ,  of t h r e e  types:  l i m i t  c y c l e s ,  two-dimensional t o r i  

and three-dimensional t o r i .  Appl icat ions t o  t h e  presence of resonances i n  t h e  

s o l a r  system are discussed.  



1. In t roduc t ion  

The motivation f o r  t h i s  work is t h e  s t u d y  o f  long p e r i o d s  i n  t h e  s o l a r  

svstem (Arnold: 1978: Hoser, 1978):  on t h e  one hand. and of  s low motions of  

l o c a l i z e d .  coherent  vo r t ex  s t r u c t u r e s  i n  t h e  atmosphere and ocean (Malanot te  

R i z z o l i .  19821, on t h e  o t h e r .  I n  both cases .  t h e  main f o r c e s  a c t i n g  are 

conse rva t ive  and t h e  classical approach i n  e i t h e r  case has  been t h e  i n v e s t i g a -  

t i o n  of pu re ly  Hamiltonian p e r t u r b a t i o n s  of a completely i n t e g r a b l e  system. 

Such a system of  2n pa i rwi se  conjugate variables is c h a r a c t e r i z e d  by a 

Hamiltonian H o  which depends on t h e  o the r  n-1 i n t e g r a l s  of t h e  system, and is 

most convenient ly  r ep resen ted  i n  terms of a c t i o n  v a r i a b l e s .  

0 
J ) .  

1*..-, n 
H" = H ( J  

- 
An arbi tary conse rva t ive  p e r t u r b a t i o n  of t h i s  system p r e s e r v e s  on ly  t h e  

energy, but not t h e  o t h e r  i n t e g r a l s  of motion. Thus t h e  pe r tu rbed  system is 

c h a r a c t e r i z e d  by t h e  Hamiltonian 

0 1 
H = H + E H ( J  ...., J , e ,..., e ) , 

1 n 1  n 

being t h e  angle  v a r i a b l e  a s soc ia t ed  with t h e  a c t i o n  J (Arnold,  1978; 'i i 

Golds t e in ,  1980) .  

The formalism above was o r i g i n a l l y  developed i n  o r d e r  t o  s t u d y  o r b i t a l  

v a r i a t i o n s  i n  t h e  s o l a r  system, and we s h a l l  concen t r a t e  on t h i s  problem i n  t h e  

p r e s e n t  paper. App l i ca t ions  of  our  approach t o  t h e  s t a b i l i t y  o f  l o c a l i z e d  

cohe ren t  s t r u c t u r e s  i n  geophysical  f lows (Wolansky, 1985, Chapters  3 and 4) 

w i l l  be given i n  a s e p a r a t e  pub l i ca t ion .  
0 

For  t h e  s o l a r  system, H is the  sum of  Hamiltonians of several independent 
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i iepier o s c i l i a t o r s .  whose evo lu t ion  is completely i n t e g r a b l e .  The p e r t u r b a t i o n  

parameter E: is a measure of t h e  mass r a t i o  between p l a n e t s  and Sun, with E 2 
- -3 1 
io . and H c o n t r i b u t e s  t h e  g r a v i t a t i o n a l  i n t e r a c t i o n  between p l a n e t s .  

The approximate s o l u t i o n  of t h i s  problem as an  i n i t i a l - v a l u e  problem, by 

e i t h e r  numerical o r  p e r t u r b a t i v e  methods, w i l l  l e a d  t o  e r r o r s  O ( 1 )  i n  time 0 ( 1 / ~ ) .  

For t h e  s o l a r  system such e r r o r s  would mean a n o t i c e a b l e  deformation of o r b i t s  

i n  a t i m e  of thousands of y e a r s ,  a very s h o r t  time when compared t o  t h e  age of 

t h e  system. Thus s t a b i l i t y  arguments f o r  t h e  s o l a r  system r e q u i r e  asymptotic 

r e s u l t s ,  t h e  most powerful ones being g iven  by Kolmogorov-Arnold-Moser (KAPI) 

t h e o r y  . 
The main conclusion of  KAM t heo ry  can be formulated as fol lows:  Under a 

nondegeneracy cond i t ion  on Ho, f o r  E: small enough and 2 smooth enough, most 

of t h e  unperturbed phase-space f low ' s  i n v a r i a n t  t o r i  w i l l  s u r v i v e  t h e  pe r tu r -  

ba t ion .  On t h e  su rv iv ing  i n v a r i a n t  t o r i  t h e  f low is quas i -pe r iod ic ,  w i t h  
- 

i r r a t i o n a l  r o t a t i o n  number which is poorly approximated by r a t i o n a l s  ( e . g . ,  

Kolmogorov, 1954). 

The conclusion above does not guarantee s t a b i l i t y ,  u n l e s s  we are dea l ing  

r - i th  t h e  case of two degrees of freedom, i n  which t h e  i n v a r i a n t  t o r i  s e p a r a t e  

p o r t i o n s  of phase space where t h e  motion is a p e r i o d i c  (Lichtenberg and 

Lieberman, 1983). In  a d d i t i o n ,  t h e  theo ry  f a i l s  on t h o s e  i n v a r i a n t  t o r i  f o r  

vhich t h e  r o t a t i o n  number is r a t i o n a l  ( r e s o n a n t  t o r i )  o r  n e a r l y  r a t i o n a l .  I t  

seems, however, t h a t  t h e  s o l a r  system is c h a r a c t e r i z e d  by many resonance o r  

near-resonance r e l a t i o n s  (Molchanov, 1969). T h i s  o b s e r v a t i o n  does not  appear 

t o  be c o n s i s t e n t  w i t h  applying t h e  above conclus ion  o f  KAlI t h e o r y  t o  t h e  

system (see also Duriez, 1982). 

The obvious importance of p e r i o d i c  ( r e s o n a n t )  t r a j e c t o r i e s  s e r v e d  as a 

s t r o n g  motivat ion f o r  Poincare ,  Birkhoff and o t h e r s  ( e . g . ,  S i ege1  and Moser, 
c 
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1971, and r e f e r e n c e s  t h e r e i n )  t o  i n v e s t i g a t e  s p e c i a l  p e r i o d i c  s o l u t i o n s  t o  t h e  

n-body problem and t h e i r  s t a b i l i t y .  The s u r v i v a l  o f  p e r i o d i c  s o l u t i o n s  under 

Hamiltonian p e r t u r b a t i o n s  f o r  t h e  case of two degrees  of freedom is the  conse- 

quence o f  t h e  Poincar&Birkhoff theorem which was extended, under c e r t a i n  condi- 

t i o n s ,  t o  t h r e e  o r  more degrees  of  freedom (Arnold,  1978, App. 9). I n  t h e  case 

of  two degrees  of freedom, t h e  theorem y i e l d s  t h e  s u r v i v a l  of a t  least  two pe r i -  

o d i c  s o l u t i o n s  on each resonant  t o r u s ,  of  a l t e r n a t i n g  e l l i p t i c  and hype rbo l i c  

t ype .  Each e l l i p t i c - t y p e  s o l u t i o n  is surrounded by i n v a r i a n t  KAM t o r i ,  which 

gua ran tee  its s t a b i l i t y .  No such s t a b i l i t y  r e s u l t  is available i n  t h e  case of 

t h r e e  o r  more degrees  of  freedom. 

Even i f  w e  res t r ic t  our a t t e n t i o n  t o  two degrees  of freedom, there is no 

apparent  reason why t h e  phys ica l  system shou ld  p r e f e r  t o  s t a y  a t  o r  near  a 

resonance, r a t h e r  t han  on a KAH t o r u s  f a r  from resonance. The e x i s t e n c e  of many 
- 

resonance r e l a t i o n s  i n  t h e  s o l a r  system may i n d i c a t e ,  as suggested by Goldreich 

(19651, t h a t  t h e  pu re ly  Hamiltonian formalism is not va l id  over  a v e r y  long t i m e  

scale, ove r  which nonconservative e f f e c t s ,  such as t i d a l  d i s s i p a t i o n  and r ad ia -  

t i o n  p r e s s u r e ,  could become s i g n i f i c a n t .  

Motivated by such cons ide ra t ions ,  we s t u d y  i n  t h i s  paper a system of t h e  

form: 

- -  - E f a 1 . .  ... J ,el,. . . ,en) , dJi 
dt 1 n 

i = 1, ... ,n, 
( l . l a )  

where fi, g i  are 2n-periodic i n  the ang le  variables, bu t  o the rwise  a r b i t a r y .  

T h i s  formalism models t h e  case of non-Hamiltonian p e r t u r b a t i o n s  of  i n t e g r a b l e  
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systems. In p r a c t i c a l  a p p l i c a t i o n s  one has t o  assume: 

vhere 7.. are  the  non-Hamiltonian p a r t s  and 6 is assumed t o  be small, bu t  

independent of E .  One may expect t h a t ,  i n  g e n e r a l ,  t h e  i n v a r i a n t  t o r i  w i l l  

d i s i n t e g r a t e  under such  a p e r t u r b a t i o n .  Hurdock (1975, 1976) proved c e r t a i n  

nonexistence theorems f o r  i n v a r i a n t  t o r i  and i n d i c a t e d  t h a t  a l l  t h e  s u r v i v i n g  

t o r i  w i l l  be confined t o  a small p a r t  of  t h e  phase space.  

i' 1 

Our approach t o  t h e  problem is based on a d i f f e r e n t  p o i n t  of  view. 

I n s t e a d  of looking f o r  i n v a r i a n t  t o r i ,  we i n v e s t i g a t e  c o n d i t i o n s  under which 

s o l u t i o n s  w i l l  s t a y  on, nea r  o r  escape f a r  from a c e r t a i n  r e sonan t  manifold.  

which is t h e  union of a l l  resonant  t o r i  admi t t i ng  a c e r t a i n  resonance 

r e l a t i o n .  I n  t h i s  way, we expect t o  o b t a i n  domains of a t r a c t i o n  f o r  c e r t a i n  

resonance r e l a t i o n s  , independent ly  of E .  I n  p a r t i c u l a r ,  t h e  a n a l y s i s  

i n d i c a t e s  g e n e r a l i z a t i o n s ,  i n  an a p p r o p r i a t e  s e n s e ,  of t h e  Poincar6-Birkhoff 

theorem. P 

- 

Another aspect  of  t h e  a n a l y s i s  provides  a g e n e r a l i z a t i o n  of  t h e  t h e o r y  of  

a d i a b a t i c  i n v a r i a n t s .  The u s u a l  t h e o r y  concerns on ly  (1.1 1 of  Hamiltonian t y p e  

and depending on a s low time parameter. App l i ca t ions  of t h i s  t h e o r y  t o  Celes- 

t i a l  Mechanics have been g iven  by Henrard (1982).  

I n  t h e  p re sen t  paper  w e  d e a l ,  e s s e n t i a l l y ,  w i t h  t h e  case of  two degrees  of 

freedom. Some of  t h e  r e s u l t s  can be extended t o  a l a r g e r  number of deg rees  of  

freedom and t h i s  w i l l  be t h e  main t o p i c  of a s e p a r a t e  paper. 

I n  Sec t .  2 we perform a noncanonical t r ans fo rma t ion  of system (1.1) and 

average with r e spec t  t o  t h e  fas t  phase i n  t h e  neighborhood of  t h e  r e sonan t  

manifold,  t o  s t u d y  changes on t h e  E1"-time scale. Th i s  y i e l d s  t h e  system i n  
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a s t a n d a r d  form (2 .8 ) .  which h i g h l i g h t s  the f a c t  t h a t  t h e  averaged p e r t u r b a t i o n  

is conse rva t ive  t o  leading o rde r .  Sect ion 3 d e a l s  w i th  s o l u t i o n s  i n  t h e  neigh- 

borhood of hyperbolic-type po in t s .  The main r e s u l t  of t h i s  s e c t i o n .  proved 

i n  Theorem 1. is t h e  e x i s t e n c e  of a codimension-one f ami ly  of near-resonant 

s o l u t i o n s .  I n  Sect. 4 we d e r i v e  Theorem 2, which shows t h e  e x i s t e n c e  of an open 

s e t  of  s o l u t i o n s  escaping t h e  resonant manifold. 

I n  Sect. 5 w e  concen t r a t e  on the  neighborhood of e l l i p t i c - t y p e  p o i n t s .  

There we use t h e  conse rva t ive  nature  of  t h e  averaged p e r t u r b a t i o n  t o  

l ead ing  o r d e r ,  and apply a canonical  t r ans fo rma t ion  of t h e  averaged system t o  

new act ion-angle  v a r i a b l e s .  This  enables  u s  t o  d e f i n e  “slow averaging” wi th  

r e s p e c t  t o  t h e  cl”-time s c a l e  and reduce t h e  system t o  a pair of equa t ions  on 

t h e  €-time scale, decoupled from t h e  o the r  two v a r i a b l e s  t o  l ead ing  o r d e r .  As 

a r e s u l t  w e  o b t a i n  Theorem 3 and a c o r o l l a r y ,  which g i v e  c o n d i t i o n s  f o r  resonant  

t r app ing .  I n  p a r t i c u l a r ,  w e  conclude t h e  g e n e r i c  e x i s t e n c e  of t h r e e  types of 

a t t r a c t o r s :  p e r i o d i c  s o l u t i o n s ,  two-dimensional t o r i  and three-dimensional t o r i  

i n  c e r t a i n  domains of  t h e  resonant manifold. The las t  type  of a t t r a c t o r  is char- 

a c t e r i s t i c  of non-Hamiltonian systems only.  

- 

To complete t h e  a n a l y s i s  of s o l u t i o n  behavior near e l l i p t i c - t y p e  p o i n t s  

(Theorem 3 )  and near  hyperbolic-type p o i n t s  (Theorem 1). w e  g i v e  Theorem 4 on 

behavior i n  t h e  neighborhood of t h e  s e p a r a t r i x  between an e l l i p t i c  and a hvper- 

b o l i c  branch of near ly-per iodic  s o l u t i o n s .  Sec t .  5 concludes with remarks on 

t h e  c h a r a c t e r i z a t i o n  of  pu re ly  dissipative p e r t u r b a t i o n s  w i t h i n  our  gene ra l  

framework of non-Hamiltonian pe r tu rba t ions .  I n  Sect. 6 w e  d i s c u s s  t h e  above 

r e s u l t s  i n  connect ion with t h e  s t a b i l i t y  problem of t h e  s o l a r  system, and t h e  

a c t u a l  computation of long per iods.  Three appendices g i v e  detai ls  of proofs .  
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2. Reduction and Averaging Hethod 
I 

Consider svstem (1.1) with t w o  degrees of  freedom ( n = 2 ) .  where Ho = H'(J 1' 2 

is t h e  unperturbed Hamiltonian, given i n  terms of a c t i o n  v a r i a b l e s :  and 

t h e  p e r t u r b a t i o n s  {fi], '- are 2n-periodic i n  t h e  corresponding ang le  var- 

iables.  The p e r t u r b a t i o n  parameter E is assumed t o  be sma l l ,  f .  and gi are ck 
f u n c t i o n s ,  k Z 4, i n  a l l  v a r i a b l e s ,  and H o  E L 

J J 

lDil 

1 
,k+l 

S u b s t i t u t i n g  E = 0 i n  (1.1) l e a d s  t o  t h e  i n t e g r a b l e  system 

i = I, 2, - -  - -  
i '  - 0  

dei 
dt - '  ' d t  (2.1) 

0 where wi := HJi, and w e  use ":=" t o  i n d i c a t e  a d e f i n i n g  i d e n t i t y .  Thus, Ji,  
A 

i = 1, 2 are i n t e g r a l s  of t h e  motion and t h e  flow is e i t h e r  p e r i o d i c  ( w  /a = 

r a t i o n a l )  o r  else quasi-per iodic .  

1 2  

- 
Given a c e r t a i n  resonance r e l a t i o n  p/q where p and q a r e  mutually prime, w e  

d e f i n e  W = W(J1,J2) by 

Tne resonant  manifold Ii a s s o c i a t e d  w i t h  t h e  above r e l a t i o n  is a codimension- 

one submanifold i n  phase space given by: 
P-4 

, 
:= 'J.. Bi : h=O1 0 E. 1' M 

P.4 l 1. 

I 1 .  where 2'' = S x S is t h e  s t a n d a r d  two-torus. 

We are i n t e r e s t e d  i n  t h e  c h a r a c t e r i z a t i o n  of t h o s e  s o l u t i o n s  of  (1.1) which 

are n e a r l y  resonant  during t h e  system's  e v o l u t i o n ,  i . e . ,  

As w i l l  be s e e n  l a t e r  on, a n a t u r a l  requirement f o r  a n e a r l y  phase-locked 

s o l u t i o n  is: 

w = 0 ( J E )  . 
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.4,ssmDtion 2.1. The i n e q u a l i t y  

holds  i n  

The 

s u r f  aces 

a neighborhood of W = 0 .  

bove assumption corresponds t o  t h e  c o n d i t i o n  t h a t  t h e  unpert  irbed energy 

Ho = cons t .  i n t e r s e c t  t r a n s v e r s a l l y  the  resonant  manifold H Under 

t h e  a c t i o n  variables 
P,Q' 

Assumption 2.1 w e  can r e p l a c e ,  i n  t h e  neighborhood of M 

by t h e  p a i r  of independent f u n c t i o n s  ( W ,  E ) ,  
P t q '  

( J l , J z )  + ( W , E ) ,  ( 2.3a,  b)  

where E = H". We in t roduce  a l s o  t h e  following t r ans fo rma t ion  i n  a n g l e  space: 

C l e a r l y  l# is a fas t  and 0 is a slow v a r i a b l e  near  M . PtQ 
With t h e  change of a c t i o n  and angle v a r i a b l e s  above, system (1.1) becomes 

k = EF' (W. E ,  4, q )  , 

E = EF ( W ,  E ,  4,  $1 , 
2 (p = W + EG ( W ,  E, Q, 9) , 

$ = W 

2 

1 ( W ,  E )  + EG' ( W ,  E ,  4 ,  q ) ;  

here  

F2 := w f + w2 f2 , 1 1  
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and 

A11 t h e  f u n c t i o n s  above are expressed i n  terms of t h e  new set  of  variables.  

On t h e  resonant  manifold 

1 
W l = ( w  + w )  2 2  f O .  1 2 

- 
By Assumption 2.1 and without loss of g e n e r a l i t y ,  we may a l s o  assume t h a t  

i n  a neighborhood of t h e  resonant  manifold,  on which t h e  t r ans fo rma t ion  

'J.' + 'W E' is invertible.  Notice t h a t  f o r  E = 0,  W = 0 ,  4 is a cons t an t  of 

system (2.4), while 
\ 1 /  1 - 1  

1 9 = W t o , € )  = const  >, p , 

which makes o u r  earlier remark on t h e  new ang le  variables more p r e c i s e .  

Given an a r b i t r a r y  f u n c t i o n  g ( 8  8 1 on ? we d e f i n e  its average <g> = 1' 2 
<g> (e1, 8 1 on t h e  t r a j e c t o r i e s  of t h e  unperturbed system by 2 
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where ei(t) a r e  s o l u t i o n s  of  (2.1) and T = T ( E )  is t h e  per iod  of  t h e  unperturbed 

s o l u t i o n  on  W = 0 .  

2 Lemma 2.1. Let g ( 0  , e  ) be a function on T . Then under the transformation 

(2 .31,  g is given as a function on the torus T2: 
1 2  

-1 -1 T L = S  x s  , 

where 
1 

:=E mod 2 n ( p 2  + q2I2 , 
2 -l while <g> = <g> ( 4 )  is  a 2 n ( p 2  + q 2 - periodic function of 4. 

Proof. It  s u f f i c e s  t o  cons ide r  a Fourier  component of g,  

w i t h  k and Z i n t e g e r s .  I n  terms of 11' <nd 8, t h e  above component is conver ted  

i n t o  : 

As p and q are mutual ly  prime, t h e r e  e x i s t  k, e ,  k', 0' such t h a t  

p k  + ge = f 1, pel- qk' = f 1 . 

I 

Hence g does have a minimal per iod  of 2 n ( p 2  + q2I2 i n  both yr and 8 .  

The average of g over t h e  unperturbed pe r iod  of 0 and corresponds t o  

an average wi th  r e s p e c t  t o  f over  its minimal pe r iod ,  keeping Q f i x e d .  Thus, 

1 

t h e  only harmonic components l e f t  by t h e  averaging are given by 

p k  + qL = 0 

o r  
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k n c e  

1 
2 'Z and < g >  has indeed t h e  minimal p e r i o d  2n(p2 + q ) .  QED 

The geometric r e l a t i o n  between t h e  s t anda rd ,  2n-periodic t o r u s  T2 of t h e  

o r i g i n a l  v a r i a b l e s  8 
-7 2 2 -I/= r of t h e  r o t a t e d ,  f a s t / s l o w  v a r i a b l e s  q ,  9 ,  and t h e  minimal p e r i o d  2n(p +q 1 

€12, t h e  r e sonan t ly  covering,  2n(p2+q2)i- p e r i o d i c  t o r u s  1' 

i n  9 a f t e r  averaging w i t h  respect t o  9 is shown i n  F ig .  1. 

k i g .  1 near here ,  please]  

The r e p r e s e n t a t i o n  (2.4) of system (1.1) is val id  on an o the rwise  a r b i t r a r y  open 

subset of phase space f o r  which Assumption 2 .1  holds.  However, we are i n t e r e s t e d  

i n  c h a r a c t e r i z i n g  r e s o n a n t l y  locked s o l u t i o n s  f o r  which I$ is still a slow 

v a r i a b l e  ( o r ,  e q u i v a l e n t l y ,  I W I <<  l ) ,  presumably near  M For t h i s  
- PIQ' 

reason,  we want t o  apply an averaging procedure t o  (2.4) by a t r a n s f o r m a t i o n  

vhere we r e q u i r e  u i = 1, 2, 3, t o  be uniformly bounded i n  t h e  domain under i' 

cons ide ra t ion  and p e r i o d i c  i n  4 and I#. To c o n s t r u c t  t h e  f u n c t i o n s  u 1' u 2' u 3 

e x p l i c i t l y  we need some minor machinery. 

Def in i t ion  2.1.  Let t h e  o p e r a t o r  X be de f ined  on t h e  f u n c t i o n  spacez ,  

I := ' h :  h = h(W, E, 4, 9 )  EC , <h> ( W ,  E ,  9)  = 1 
1 

by 

X-h := h(W, E ,  4,  s)ds and <X.h> = 0 .  1 
From t h e  d e f i n i t i o n  and Lemma 2.1 we immediately o b t a i n  t h e  fol lowing:  

X-h  is 2n(p2 + q ) z  periodic in bo th  4 and 9, and 9 is well 2 L  Propos i t i on .  
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d e f i n e d  f o r  eve rv  i n t e g e r  n Z 1 and hEL. 

Th i s  p r o p o s i t i o n  permits  us t o  wri te  

u =  X-[F2 - <F2>] , 
Wl(W,&) 

u =  1 X - [ u l  + G1 - <G1>] . 
W1(W,E) 

I n s e r t i n g  now t h e  t r ans fo rma t ion  (2 .7)  so d e f i n e d  i n  (2.4), we conclude: 

Lemma 2.2. System (2.4) is equivalent  n e a r  U t o  
P ? 9  

(2 .8a )  

(2.8b) 

( 2 . 8 ~ )  

(2 .86 )  

2 2 W = E T1 ( W ,  E, 4 )  O(E W ) + O ( E  ) , 

E = E 9 (W, E ,  4 )  + O(E') + O ( E W )  , 

4 = W + E E1(W, E, +) + O ( E  1 + O(EW), 2 

1 j, = k' (W,&) + O ( E )  

~1 = < ~ i > E c r k ,  i = 1, 2 ,  

, 

where ove rba r s  d e s i g n a t e  t h e  y-averaged v a r i a b l e s  
- .  

GI = < G ~ > E C ~  , 
-2 and t h e  higher-order terms are well d e f i n e d  i n  Q and over  T . 

Since we are i n t e r e s t e d  i n  s o l u t i o n s  i n  t h e  neighborhood o f  t h e  resonant  

manifold, w e  t r ans fo rm (2.8) by 

t o  
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d - ^2 - E = JE F (E. 0) + O ( E )  , d7: 

here 

a -1 n 

Fb:= aw F ( W ,  E ,  + ) I v = ,  . 

I f  w e  s u b s t i t u t e  now E = 0 i n  (2.9) w e  g e t ,  on the  4:-time scale:  

d - E = O ,  d7: 

vhlch can be written as 

Î 2 

d.r 
0 = F (E, $1 , E = const. d- 

2 
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3. S o l u t i o n s  near  t h e  Hyperbolic Branch 

Every cons t an t  va lue  of E corresponds,  due t o  Assumption 2 .1 ,  t o  a s i n g l e  

resonant  t o r u s  i n  phase space ,  on which t h e  f i x e d  p/q resonance r e l a t i o n  

holds .  Given E = E o ,  we consider  t h e  s e t  of r o o t s  4 i ,  i = 1,. .. , n ,  o f :  

s u b j e c t  t o  

D e f i n i t i o n  3.1. Given E = E o ,  we c a l l  each r o o t  of (3.1) a quas i -preserved  

< O o r -  > 0. -a p o i n t  of e l l i p t i c  o r  hyperbol ic  t y p e  i f  - 

A 

From t h e  p e r i o d i c i t y  of F1 with r e s p e c t  t o  4 and t h e  i m p l i c i t  f u n c t i o n  

theorem, we e a s i l y  conclude: 

Lemna 3.1. There e x i s t ,  g e n e r i c a l l y ,  an  even number of quas i -preserved  p o i n t s  

on any resonant  t o r u s  i n  t h e  resonant manifold.  Exact ly  h a l f  o f  t h e s e  are o f  

e l l i p t i c  type and the  o t h e r  h a l f  a r e  of hyperbol ic  type. .4nv of t h e s e  p o i n t s  

can be extended t o  l o c a l  e l l i p t i c / h y p e r b o l i c  branches 

= 4 p  
0 I n  the neighborhood of ( E o ,  +i(E 1 ) .  

Remark. The quasi-preserved p o i n t s  d e f i n e d  above t u r n  out  t o  be, i n  t h e  case 

of Hamiltonian p e r t u r b a t i o n s ,  an approximation t o  those  p e r i o d i c  s o l u t i o n s  

which are preserved according t o  the Poincar&Birkhoff theorem. In  fact ,  f o r  

Hamiltonian p e r t u r b a t i o n s  w e  have 
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and t h u s  a t  l e a s t  two quasi-preserved p o i n t s  always e x i s t .  I n  t h e  case of 

g e n e r a l  p e r t u r b a t i o n s ,  however, t h e  even number of p o i n t s  g iven  by Lemma 3.1 

may be zero.  

I n  Fig.  2a we show a n  i l l u s t r a t i v e  example of  a contour  of pi = 0 on t h e  

resonant  manifold. .4 p o i n t  (E, $1  on a branch of quasi-preserved s o l u t i o n s  

4 = +(E)  a t  which both = 0 (c f .  Eq. ( 3 . l a ) )  and Fz(E,+(E)) = 0 is a 

s t a t i o n a r y  po in t  o f  t h e  reduced phase flow. Such a p o i n t  corresponds t o  a 

unique p e r i o d i c  s o l u t i o n  of Eqs. (l.l), as w i l l  be shown i n  Sect. 5 and 

.Appendix C .  Fig. 2b i l l u s t r a t e s  t h e  s t a b i l i t y  p r o p e r t i e s  of e l l i p t i c  and 

hype rbo l i c  s t a t i o n a r y  p o i n t s  (compare a l s o  Eq. (3 .2 )  below). 
- 

[Fig. 2 near here ,  please3 

L e t  now + .=  +o(E) be one of t h e  hyperbol ic  branches g i v e n  by Lemma 3.1. 
1 1  

S u b s t i t u t i n g  + o ( E )  i n  t h e  energy equa t ion  ( 2 . 9 ~ )  we g e t  t o  l ead ing  o r d e r ,  
1 

Assume t h a t  

f o r  El < E < E 2 

i n i t i a l  c o n d i t i o n  

and l e t  E = E0(.r) be t h e  s o l u t i o n  of  (3.2), s u b j e c t  t o  t h e  

Eo(0) = Eo~(E1,E2) . 

L e t  T Eo,v be t h e  time i n  which E 0 ( . r )  leaves t h e  (EI,E2) i n t e r v a l .  Thus 



c 

-1s- 

0 E .v  E (T O .  ) = El o r  E2 . 

^2 If F (E,+.(E)) = 0 f o r  some E € ( E  E ) we d e f i n e  T E - v  = QD . Assume f u r t h e r  
1 I' 2 0 

(3.4) 

A 

i n  ( E ,  O i ( E ) )  E E ( E ~ ? E ~ ) :  i . e . ,  t h a t  F 2 ( E , t $  ( E ) )  is monotonically decreasing 

i n  E along F1 = 3 i n  t h i s  i n t e r v a l .  Notice t h a t  i n e q u a l i t i e s  (3.3, 3.4) w i l l  

both hold f o r  time t = 0 ( 1 / ~ )  o r  'I: = O(l / JE) .  

i 
A 

6 Given 6 > 0 and E as above, def ine an open neighborhood U E  i n  t h e  a c t i o n  

space by 

and a neighborhood V b E  of +:(E) by 

Consider a three-dimensional hyperplane, t r a n s v e r s a l  t o  t h e  flow near the 

resonant  manifold and given by, s ay ,  y = 0. The fol lowing theorem d e a l s  w i th  

a l l  s o l u t i o n s  of (1.1) which c r o s s  t h e  transversal s e c t i o n  9 = 0 w i t h i n  an open 

set  i n  U a t  'I: = 0. 

Theorem I. Assume ( 3 . 3 ,  3 .4 ) .  Given 8 > 0 small enough, there  e x i s t  an open 

-6 6 s e t  U cUE 

& 
E 

i n  a c t i o n  space and a continuous map 

-6 6 0 
@:U -WE 

0 
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such t h a t  anv s o l u t i o n  o f  (1.1) which admits t h e  i n i t i a l  d a t a  

G i l l  be confined t o  

Eotu 
f o r O L r < T  , where Eo(=) is t h e  solution of  Eq. ( 3 . 2 )  w i th  E 0 ( . r )  = Eo . 

I n  o a r t i c u l a r ,  such s o l u t i o n s  s tay  i n  t h e  neighborhood of t h e  r e sonan t  
E o t u  

manifold,  at  least  as long as c o n d i t i o n  (3.3) holds .  Notice t h a t  n e i t h e r  T 
Eo? - - a, Theorem 1 y i e l d s  a nor 6 depend on E ,  f o r  E small enough. Thus, i f  T 

codimension-one submanifold of i n i t i a l  d a t a  f o r  which t h e  s o l u t i o n s  w i l l  s t a y  

near t h e  resonant manifold i n d e f i n i t e l y .  I n  t h i s  case, t h e  reduced phase f low 

of t h e  system is completely po r t r ayed  by t h e  f low i n d i c a t e d  near  p o i n t  5 i n  - 
Fig.  2b. 

Proof of Theorem 1. L e t  u s  s u b s t i t u t e  

E(T) = E O ( * : )  + e(.r) , 

+(T) = + O w  + e m  , 
0 0  vhere @O(T) is given as  + ( E  1 by Eq. (3.1) and E 0 ( . r )  by Eq. ( 3 . 2 ) .  Using 

Taylor  expansion f o r  F l ,  F2 near  E o ( . r ) ,  +'(.r), we g e t  from (2.9) 
A -  

(3.5a) 

(3.Sb) 

(3.SC) 

The c o e f f i c i e n t s  of 8 and e are slow f u n c t i o n s  of time, s i n c e  Qo = O C J : ) .  dx 
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Tne higher-order terms i n  t h e  system above are p e r i o d i c  f u n c t i o n s  of  'y a s  

v e l l ,  wi th  y g iven  by E a .  ( 2 . 4 ) .  However, t h e  whole svstem can be t ransformed 

s o  t h a t  J F I ~  r e p l a c e  T as  an independent v a r i a b l e ,  t h u s  y i e l d i n g  a c l o s e d  system 

of t h r e e  non-autonomous equat ions.  

The t r ans fo rma t ion  

is w e l l  de f ined  and uniformly bounded according t o  (3.3). With i t  (3.Sc)  

becomes 

)/ci$t and -1/2 ( where ( ) -  = E 

By ( 3 . 4 )  

and furthermore 

Upon i n s e r t i n g  

.E 
x = O ( J E ) .  

n 

i n t o  (3.51, t h e  term F i  e i n  t h a t  ,equation drops o u t ,  a t  t h e  c o s t  of 

merely changing t h e  higher-order terms. Over a l l ,  t h e  estimate O(JE) + 

O(e + 0 ) remains va l id  f o r  t h e  transformed Eqs. (3.Sa-c). 2 2  
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The t ransformat ion  

7 = J & e + W  . 
-1 $ 

r;hich is real  and nondegenerate ,  due t o  (3.31, l e a d s  i n  f i n e  t o  t h e  system 

il = Xz + hi . 1 

i = - X z  + h 2 .  2 2 

E - 
e = - JS X e + h3 ; 

(3 .6a )  

- - 
here  hi ,  h and h are f u n c t i o n s  of z z e and 9 ,  wi th  2 3 1' 2' 

2 hi = O ( e 2  + zi + z 2 )  + OCJS) i = 1, 2 , 

while  

uniformly over  the  domain i n  ques t ion  and 

i = oc&, . 
Thus Eqs. (3.6b,c) d e s c r i b e  approximately t h e  flow along t h e  ana log  of t h e  

s tab le  manifold f o r  a quas i -preserved  po in t  (E (Eo)) g i v e n  by (3.1). 
0' i 

In t roduce  now t h e  o p e r a t o r  2, mapping t h e  Banach space IB of t h r e e -  

component v e c t o r  func t ions  

i n t o  i t s e l f .  Component-wise, 
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T T 2 :=  z2 exp [- 5 X(s)ds] + f exp [- X(w)dw h 2 (zi, z 2 (s), e(s),s)ds 
0 0 S 

- E T ‘c T 

0 0 S 

E z3 := eo exp [-Jc f X (s) ds] + f exp [ - J , f  X (w) dw] h3 (zl, z 2 (s), e(s),s)ds , 

0 and 2 depends upon t h e  parameters ( z o  e ).  

E Due t o  t h e  lower bounds on X and X , it is evident  t h a t  2 maps H3 i n t o  

i t se l f ,  and t h e  bound is independent of  T E “ s V  , f o r  every va lue  of  t h e  

parameters  (z2, e ). Furthermore, one can f i n d  A0 > 0 f o r  which 2 maps a 

2’ 

0 0  

c y l i n d e r  

i n t o  t h e  b a l l  

F i n a l l y  2 can be shown t o  be a c o n t r a c t i o n  f o r  a p rope r ly  de f ined  6 < 6 0 arid E 

small enough, due t o  t h e  L ipsch i t z  c o n d i t i o n  ob ta inab le  from t h e  h ighe r  

d i f f e r e n t i a b i l i t y  of hi, i = 1,2,3. Thus, we g e t  f o r  eve ry  p a i r  ( z 2 ,  e 1 i n  

(? a f ixed p o i n t  of 2. Such a f i x e d  p o i n t  is c l e a r l y  a s o l u t i o n  of (3.61, which 

admits t h e  i n i t i a l  d a t a  

0 0  

& 

0 -  0 ~ ~ ( 0 )  = z2 , e ( 0 )  = e , 

T ‘T: 
z (0) = [ exp [- I X(w)dw]hi ds . 

S 
1 
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Since  2 is a c o n t r a c t i o n  on < , its f i x e d  p o i n t s  a r e  con t inous ly  dependent 
0 0  on t h e  parameters  ( z  e ).  Thus z (0) is a cont inuous f u n c t i o n  of t h e  above 2' 1 

i n  terms of ( z  z e )  c e n t e r e d  a t  Ec(E1,EZ) 6 p a i r .  We can now d e f i n e  U E as B 6 ,  1' 2' 
0 -6 

and 6 = 0 ,  I$ = 0 .  (E) f o r  El < E  < E2, and U , V ' a s  a p p r o p r i a t e  open se t s  such  

t h a t  : 
1 EO 

-6 3 U x V 6  c B 
EO 6 

- 0 -8 6 W = 0 and t# = t$i ( E o ) .  The func t ion  @ : U + V is given  cen te red  a t  E = Eo, 

by t h e  graph of z: = zo(zo  eo) i n  t h e  above s e t ,  and Theorem 1 fo l lows  by t h e  

c o n t r a c t i o n  argument. QED 

EO 

1 2' 

4. Resonance Breaking and Escaping Solutions 

Theorem 1 d e a l s  w i th  two-dimensional submanifolds i n  t h e  three-dimensional  

reduced phase space g iven  by t h e  Poinc& map wi th  respect t o  a t r a n s v e r s a l  

s e c t i o n  (Ir = 0 .  Any i n i t i a l  d a t a  on such  a submanifold w i l l  l e a d  t o  a s o l u t i o n  

t r apped  a t  least for  a time i n t e r v a l  Z'&o?v/JE near  t h e  resonant  manifold.  

Even more i n t e r e s t i n g  is t o  f i n d  open sets  i n  t h e  reduced phase space  f o r  

which any s o l u t i o n ,  i n i t i a l l y  i n  such a s e t ,  w i l l  be t r a p p e d  permanently on 

the  resonant  manifold. Before l n v e s t i g a t i n g  such s e t s ,  w e  w i l l  d e a l  w i th  t h e  

oppos i te  ques t ion  of resonance breaking through s o l u t i o n s  escaping  t h e  

neighborhood of M . 
Definit ion 4.1. An open set  D in t h e  resonant  manifold Pf g iven  by 

(&+)ED c IR x S I ,  w i l l  be called an escape set i f  t h e r e  ex is t  eo > 0 and 6 > 0 

real, such that f o r  any 0 < E < c 0 ,  any s o l u t i o n  of (1.1) wi th  i n i t i a l  data i n  

the  se t  Q, 

P'Q 

P I  Q 

w i l l  escape Q at  W = 6, i n  f i n i t e  time. The same d e f i n i t i o n  a p p l i e s  if k [ 6 , 0 ]  
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and 6 < 0 .  

Notice t h a t  n e i t h e r  6 nor D is assumed t o  depend on c 9  as long as E is 

small enough, and is as i n  Lemma 2.1. 

Theorem 2. L e t  

and assume t h e r e  is a 1~ > 0 such  that 

( 4 .  la) 

Then t h e r e  e x i s t s  an escape set  D c R x gi, whose p r o j e c t i o n  on t h e  E - 
coord ina te  l i e s  i n  (El9 EZ). 

Before proving Theorem 2, we - s ta te  Lemma 4.1 and Corollary 4.1. 
A 

Le- 4.1. Assume F(E) > p on (Ei, Ea). Then t h e r e  e x i s t ,  for E s m a l l  

enough, b > 0 and 6 > 0 such t h a t  any s o l u t i o n  wi th  i n i t i a l  data i n  t h e  set 

A 

w i l l  escape t h i s  set  at W = 6 .  The same r e s u l t  a p p l i e s  i f  F(E) < - p 9  b < 0 

and 6 < 0 for 6 < W < b 4; . 
Corollary 4.1. 

Assumption 1.1 is v a l i d  on its boundary W = 0 .  

on W = 0. 

Assume t h e  se t  W < 0 (W > 0 )  is a compact se t  i n  phase space,  and 

Assume f u r t h e r  t h a t  T < 0 (F > 0 )  

Then, t h e  set W < b J; ( W  > b J t )  is mapped i n t o  itself for p o s i t i v e  

time and c small enough. 

Proof of Le- 4.1.  Assume F > p > 0 .  Consider Eq. (2 .8)  on t h e  O ( l ) - t i m e  scale. 
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Then f o r  I G l <  S we have 

Subst it u t  e 
A 

w = w + E WF/W 

By assumption W > bJE and hence 

E H-F/W <tJe/b)  max I H - F l  , 
A 

s o  t h a t  IW-WI = O(JE/b). Thus by ( 4 . 2 )  

Choosing 6>0 s u f f i c i e n t l y  small and b s u f f i c i e n t l y  l a r g e  we o b t a i n  

O ( E  ) + Otc6)  + O(E/b ) < ep/4 . 
- 

2 2 

Hence 

- 
as long as F ( E )  > p/2 ,  i . e . ,  as long as  E < E < E 2 .  1 

dE 
d t  Since  - = O ( E ) ,  w e  can s t i l l  decrease 6 t o  y i e l d  

f o r  0 < t C 6 / 3 ~ p .  Thus, we g e t  a t  T = & / 3 q  

The case F < 0 ,  6 < o is equ iva len t .  

(4 .2 )  

OED 

With t h e  h e l p  of Lemma 4 .1  we can now prove Theorem 2. 

Proof of Theorem 2. 

choose an open s e t  P 

Let  (E1, E ) be as  i n  Lemma 4.1. 

E E 
E si s o  t h a t  f o r  each + E P 

For eve ry  E c ( E 1 ,  E 2 )  we 2 
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J + (4.3b) 

The assumption > 

Define now t h e  

D 

0 gua ran tees  t h e  ex i s t ence  of PE open f o r  each E < E 5 E2. 

open se t  D on t h e  resonant manifold - W  = 0 

1 
f \ 
I J .  bv 

By Lemma 4.1 it s u f f i c e s  t o  show t h a t  any s o l u t i o n  wi th  i n i t i a l  d a t a  i n  D and 

W = 0 w i l l  c r o s s  t h e  manifold W = bJE at  a f i n i t e  t i m e ,  where b is an E- 

independent cons t an t .  k i n g  (3.5) and (4.3), w e  g e t ,  on t h e  JE:-time scale ,  

f o r  E: D,  provided E is small enough. 

The f u n c t i o n  
A 

F1 ( E o ,  (4.4a) 

-1 is well-defined on t h e  covering IR of S , and negat ive f o r  + > +' by (4.3). 

The new v a r i a b l e  

s a t i s f i e s  

But is a monotonically inc reas ing  f u n c t i o n  i n  t h e  i n t e r v a l  (4',+'), 

where 4' is t h e  first ze ro  of F1 i n  t h e  clockwise d i r e c t i o n  s a y ,  and -O(+) 

admits a p o s i t i v e  lower bound on 4 > + . 
w > JZmin(-Q(+))= K , 

n 

1 T h i s  y i e l d s  a lower bound on i ,  
- 

0 I f o r  'c > TO, where TO is t h e  time a t  which +(T ) = + . Thus 



$CT, > (T - 45 K . 
Let L be x i  i n t e g e r  f c r  r:hich 

L > 2b2/ F ( E o )  

0 and T > 2nL/K + T . Assuming E small enough. s o  t h a t  

T < <  WE: , 

re  g e t  ;(T) > b ,  o r  W(T) > bJG, 

Corollary 4.2. If F1 ( E . 4 )  f 0 f o r  El 5 E 5 E2, 4 E 51, t h e n  anv p o i n t  on the 

resonant  manifold res t r ic ted  t o  t h e  above energv i n t e r v a l  belongs t o  an 

escape s e t .  

The case F(Eo)  < 0 is completely analogous.  OED 
h 

E I n  f a c t ,  i n  such a case t h e  set P , def ined  i n  (4.3), is t h e  whole c i r c l e  

si. Notice t h a t  PE is simply t h e  cross-sect ion of D a t  E = cons t .  

Remark. Theorem 2 does not s p e c i f y  anything about t h e  non-empty escape s e t  D 

con ta in ing  a quasi-preserved p o i n t  o r  not .  Cnder c e r t a i n  c o n d i t i o n s  w e  can 

make a d e f i n i t e  s ta tement  on t h i s  matter, One such case corresponds t o  PE having 

a hyperbol ic  po in t  on its boundary. 

can l i e  on t h e  boundary of D. 

Thus a whole segment of a hype rbo l i c  branch 

Th i s  cannot happen f o r  an e l l i p t i c  branch f o r  which f l o w  on t h e  E time 

s c a l e  occurs  along t h e  branch (see Theorem 3 below), s i n c e  slow averaging 

(Sect. 5)  ho lds  up t o  t h e  degenerate  p o i n t ,  F1 = aFl /a+  = 0,  s e p a r a t i n g  it 

from t h e  ad jacen t  hyperbol ic  branch ( s e e  p o i n t s  1, 4 and 6 i n  F i g .  2 b ) .  The 

escape s e t  D always has t o  c o n t a i n  such a degenerate  p o i n t ,  (Eo,+, )  s a v ,  on 

its boundary; then +o l i e s  i n  t h e  i n t e r i o r  of PEo. I n  t h i s  case, F2(Eo,+o) 

has t h e  appropr i a t e  s i g n  (see poi'nts 4 and 6 i n  t h e  f i g u r e ) ,  and resonance 

breaking does occur i n  f i n i t e  time f o r  s o l u t i o n s  s t a r t i n g  o u t s i d e  D. The case 

of  approach t o  D through non-degenerate p o i n t s  along a hyperbo l i c  branch is 

more d e l i c a t e  and w i l l  be handled i n  Theorem 4. 

h h 

h 
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5 .  Asymptotic S t a b i l i t y  of Resonant S o l u t i o n s  

We now t u r n  t o  t h e  main ob jec t  of our paper ,  namely t h e  i n v e s t i g a t i o n  of 

s o l u t i o n s  which a r e  t r apped  f o r  t i m e  0(1/c) a t  l ea s t  i n  a O ( J t )  neighborhood 

of t h e  resonant  manifold. For t h a t  purpose, we choose an e l l i p t i c  branch,  c f .  

D e f i n i t i o n  3.1 and Lemma 3.1, +'(E) on a n  (El, E2) i n t e r v a l ,  and cons ide r  a 

c e r t a i n  neighborhood of t h a t  branch, not n e c e s s a r i l y  small. Our main observa- 

t i o n  a t  t h i s  po in t  is t h a t  H as given i n  (4.4) is a slow v a r i a b l e .  A some- 

what d i f f e r e n t  d e f i n i t i o n  of H w i l l  be more u s e f u l  he re .  

Definition 5.1. Let Q ( E , + )  be given by 

= - (E,+) , Q(E, +'(E)) = 0 a+ 

c f .  (3.1). Then 

Consider now 'i and 4 fo rma l ly  as a conjugate  canonical  p a i r  of v a r i a b l e s  

f o r  t h e  Hamiltonian H . where E and E are cons t an t  parameters.  The a s s o c i a t e d  

e q u a t i o n s  of e v o l u t i o n  are given by 

E 

dE - = o  . 
dT 

The phase flow of (5 .1)  is t o p o l o g i c a l l y  s imple i f  I f  is a convex f u n c t i o n  of 

W,+ . This  is t h e  motivat ion f o r  t he  fol lowing d e f i n i t i o n .  
- 
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Definition 5.2. L e t  

a )  z(E) > 0 , El < E < Ez be given  by t h e  cond i t ion  t h a t  

0 E is a set  on which H'(i ,E,+)  is s t r i c t l y  convex i n  i,+ and (O,E,+ (E))€VE . 
Define 

and 12' 

b) 

by t h e  

I 

: = V'X SI, with  de f ined  as i n  Lemma 2.1 . 
The per turbed e l l i p t i c  branch (P(E) ,+'(E)) is given,  f o r  each E E ( E ~ , E ~ ) ,  

E unique minimum of  H (-,E,-). - 
Thus, f o r  each E ' ( E  ,E 1,  V i  is f o l i a t e d  by t h e  fami ly  of c l o s e d ,  convex 1 2  

t r a j e c t o r i e s  of ( S . l a ,  b), while  

E: is t h e  unique c r i t i ca l  po in t  of H and depends pa rame t r i ca l ly  on E. We proceed 

by ln t roduclng  action-angle variables for t h e  Hamiltonian H E ,  c a n o n i c a l l y  

related t o  E, 4 . 
Def in i t i on  5.3. 

I 

I 

The a c t i o n  I' of t h e  Hamiltonian Kc is de f ined ,  i n  t h e  u s u a l  

where t h e  I n t e g r a l  is taken over t h e  contour  $(.,E;) = H . The conjugate  
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angle  v a r i a b l e ,  E', is de f ined  by an appropr i a t e  gene ra t ing  f u n c t i o n  ( s e e  

Golds t e in ,  1980; Lichtenberg and Lieberman, 1983). 

E Using t h i s  d e f i n i t i o n ,  t h e  se t  A can now be p resen ted  as 

where ?E = I E ( $ ( E ) , E ) ,  w i t h  $(E)  is i n  (S .2a ) .  The p r o p o s i t i o n  below fo l lows  

from t h e  s t r i c t  convexi ty  of H on A', by s u b s t i t u t i n g  H i n t o  I E ( H , E )  . 

Lemma S - I -  t hen  

IE (H .E)  E $ ( A E ) .  

€ E .  

If HE E Ck, k > 1, on AE as a f u n c t i o n  o f  i ,  E and $, 

Thus 
-1 

E C k-l(AE) 
N 

W (H,E) := [$ I ] E=const . 
(5.4) 

is t h e  o s c i l l a t i o n  frequency of system (5.1) on t h e  contour  $ ( . , E , - )  = H . 

Furthermore, under t h e  same hypothesis as t h e  Lemma above, one can a l s o  show 

t h e  fol lowing:  

Lemma 5.2 . 
and 9 on AE provided (E ,+)  # ("w, gp). 

The ang le  v a r i a b l e  E' has k-1 d e r i v a t i v e s  with r e s p e c t  t o  w, E 

Proof. We can s o l v e  f o r  
- -  w = w ( I , E , ~ )  , r > 0, 

from 

s i n c e  

( 5 . 5 )  
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i f  t i , + >  # (p, $ p > .  Then € ' ( I , E , + )  is given by t h e  gene ra t ing  func t ion  

S := f -  W (I,E,sJ ds . 

The fact t h a t  S E: C?, and hence E'(G,E,+)EC"', as long as (E, + ) # ( i p , + p ) ,  

f o l l o v s  by s u b s t i t u t i n g  (5.5) i n t o  (5.6). OED 

From t h e  c o r o l l a r y  above, and t h e  f a c t  t h a t  t h e  t r ans fo rma t ion  of v a r i a b l e s  

t i , + )  + (I ,< 1 is nondegenerate for I Y 0 ,  w e  conclude t h a t  and + have both  

k-1 cont inuous d e r i v a t i v e s  wi th  r e spec t  t o  I€, E', for IE # 0 .  The €-dependence 

of IE ,E '  w i l l  be suppressed h e r e a f t e r ,  un le s s  needed e x p l i c i t l y .  We now 

d e f i n e  slow averaging w i t h  r e spec t  t o  t h e  4:-time scale. 

Definition 5.4. Let h be an a r b i t r a r y  f u n c t i o n  def ined  on VE: The slow 

average h = h of h is given by 

E : '  E: 

, 
I 

E .  
1 1 

where (k .c ) ,+ tx ) )  I s  t h e  s o l u t i o n  of (S.1)  on t h e  l e v e l  curve  I f  = H at  E 

f ixed ,  and T = T (H,E) is t h e  per iod  of r e v o l u t i o n  on t h i s  level. 
1 

We s h a l l  use ( t o  indicate slow averaging of ( - ), by analogy wi th  

t h e  fast average (2 .6 ) .  I n  terms of t h e  act ion-angle  p a i r  (IE, E'), slow 

averaging takes a p a r t i c u l a r l y  simple form, 
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2n 

0 

h * ( I , E )  = 1 f h(1 .E.E)  dF . (5.8) 

Remark. and { I , E > ,  

r e p r e s e n t a t i o n s ,  Eqs. ( 5 . 7 )  and (5.8) r e s p e c t i v e l y ,  and s p e c i f y  t h e  f u n c t i o n a l  

dependence only when needed. Notice t h a t  H = H ( I , E ) ,  s o  t h a t  (F) I #(&) 1 , 

i n  gene ra l .  

We denote by h* t h e  average of h i n  both t h e  'H E' 1 ' J '  

E ah 
* * 

H r 

For reasons which w i l l  become apparent l a te r  on, it is u s e f u l  t o  d e f i n e  

j E  := J Z I €  

and w e  s h a l l  drop t h e  E parameter,  u n l e s s  needed: j is e s s e n t i a l l y  t h e  

amplitude of  t h e  slow o s c i l l a t i o n  

co rne r s tone  t o  our  main r e s u l t s  

Lemma 5.3. .&surne HO E Ck+l 'f 

be the s low time variable ,  and A: 

1 1 '  

Then, on A:, Eqs. ( 2 . 8 )  take the form: 

( see  (S.18)). The fol lowing lemma is t h e  

- - - 
Q ' E ck i n  Eq. (1.1). Let 'z: := JET = E t  "i/ 
= A' - ( I , E , S , e  : W = $'(E), Q = +'fE), . 1 - 

1 and a )  W E ck and E E t?', as given by (2.Se) and ( S . 4 ) ,  respect ive ly;  
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I E E 
3-1 i n  t h e i r  v a r i a b l e s  on A_. with ?(-' e x t e n s i o n s  t o  R . t) A and B~ are c. 

E: 

1 iven b!- 

h E B ( j , E , E )  = F2 , 

A A A  

vhere F l ,  52, F2 are  a l l  given as i n  (2 .91,  expressed i n  j , E , E  dependence, a l l  

p a r t i a l  d e r i v a t i v e s  being taken with r e s p e c t  t o  t h e  (EYE,$,*)  v a r i a b l e s ;  

c )  hi,  i = 1,. . . ,4 a l l  admit k-2 cont inuous d e r i v a t i v e s  i n  A_, ha and h can 

be extended as ck-2 f u n c t i o n s  over  A'? h 

€ 

4 

as  ck-3 and 1 

l i m  lim j h 3  = h ( E , € )  = c ( E )  c o s  E , E+O j+O 3 - 
(5 .11)  

where c = c ( E )  is a given,  smooth f u n c t i o n  o f  E, and e x i s t s  uniformly i n  E and E 

independent ly  o f  the o r d e r  o f  t he  limits. 

Remark. In a l l  of the above, the  dependence on 5 and yf is per iod ic ,  with 

periods 2n and 2n(p +q ) , respec t ive ly .  2 2 1'2 

Proof o f  Lemma 5.3. Let j ( K , E )  > 0. By the' hypotheses, HE: E (? s o  that  j c c k  

y i e l d s  i n  terms of H and E. Taking the T derivat ive  

while one 

a E )  
H " 

(5.12) 

can show, using ( 5 . 4 )  and (5.7), 

that  
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The second e q u a l i t y  above fo l lows  from D e f i n i t i o n  5.1 . 
Using (5 .11 )  and (2.8) w e  can compute 

where h is Ch-' i n  a l l  its variables, and 

(5.14) 

(S.15) 

S u b s t i t u t i n g  (5.13) and (5.14) i n t o  (5.12)  and d i v i d i n g  by J:, w e  o b t a i n  

(S .9a )  w i th  
- 

(5.16) 

The equa t ions  f o r  E and y remain the  same as i n  (2 .9 ) ,  up t o  t h e  new change of  

v a r i a b l e s ,  while ( 5 . 9 ~ )  fo l lows  by transforming t h e  canonical  system (S. 1) f o r  

H t o  t h e  action-angle variables I' and E', and u s i n g  aga in  ( 5 . 4 )  and ( 5 . 6 ) :  E 

(5.17) 

The d i f f e r e n t i a b i l i t y  of system (5.9)  f o r  j > 0 fo l lows  from Lemmas 2.2, 5.1 

and 5.2. The rest of t h e  s ta tements  of Lemma 5.3 w i l l  f o l low from Lemma 5.4, 

which has  an importance of its own. 
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E E : .  - 
4 - l  f u n c t i o n s  o f  j i n  Lemma 5.4. .4ssume H ( k . 4 . E )  E . Then W.0 are L 

.\ . Noreover. near t r j , + )  = (Gi ? $  ) we have t h e  expansion 

E : -  A( 

'F P - E 

Here K 
a A  
w - = K ( E )  is a n  O(JE) phase s h i f t ,  F = F(E) = - F ( E , Q ( E ) )  + O ( J E ) ,  

are E-dependent t r i gonomet r i c  polynomials i n  E; G', G'c Ck-l and a l l ;  

the above are ck f u n c t i o n s  of t h e  parameter E. 

The proof of Lemma 5.4 is g iven  i n  Appendix A. An a p p l i c a t i o n  of t h i s  

lemma, t o g e t h e r  with Lemma 2.2,  g i v e  t h e  C k-l ex tens ions  of B ,  h2, and hq t o  

E A . The Ck-' extension of A t o  t h e  e l l i p t i c  branch i tself  fo l lows  from t h e  

r e p r e s e n t a t i o n  (5. lOa)  of  A. I n  f a c t ,  s i n c e  WEiP = O C j ) ,  t h e  first term on 
- -  

,k-2 t h e  right-hand s i d e  of (S. lOa)  is r e a d i l y  s e e n  t o  have a CI ex tens ion  t o  

j = O .  The second term c o n t a i n s  as a f a c t o r  t h e  d e v i a t i o n  of W / a E  from its 

slow average, 

which is a Ck" f u n c t i o n  i n  j ,  wi th  a n u l l  f irst  j - d e r i v a t i v e  a t  0.  Thus,  A 

has a Ck" extension t o  j=O. As f o r  h l ,  it a l s o  is made up, c f .  (5.16), of 

two terms. The first term. h ,  has a c r i t i c a l  po in t  a t  j = 0 ,  c f .  ( 5 . 1 5 ) ,  and 

t h e  second term invo lves  a l s o  t h e  d e v i a t i o n  from its slow average of some 

8-' func t ion .  Thus, by using Lemma 5.4 a g a i n ,  w e  g e t  t h e  ck-3 e x t e n s i o n  f o r  

hl. We leave the  proof of Eq. (5.11) f o r  Appendix B and merely remark he re  

0 t h a t  c ( E )  > 0 o r  c ( E )  < 0 i f  Q ( E )  is i n c r e a s i n g  o r  dec reas ing  i n  t i m e ,  

r e s p e c t i v e l y .  This concludes t h e  proof of Lemma 5.3. OED 
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We are now i n  a p o s i t i o n  t o  s t a t e  t h e  main r e s u l t .  

Theorem 3. Consider t h e  svstem 

E * *  
where A , B 

E: = 0; t h e  domain o f  A ,B is A - /S  XS . 
,rk f u n c t i o n s ,  HO tz ck+l with k > 4. 

are  t h e  averaged func t ions  A , BE given bv Lemma 5 . 3  eva lua ted  a t  

i = 1,2, i n  (1.1) are Assume ,fiTgi,, 
' E: 1 -1 I * *  

Then, f o r  E: s u f f i c i e n t l y  small: 

a) Every hyperbol ic  cri t ical  point P (limit cvc le  Y )  o f  (5.20) i n  t he  

domain o f  A . B above corresponds t o  a two-dimensional ( three-dimensional)  
* *  

i n v a r i a n t  hyperbol ic  t o r u s  of (l.l), given i n  terms o f  E , j , C , q  by an o ( l )  

p e r t u r b a t i o n  o f  PxS1xsl o r  rxS1xS1, r e spec t ive ly .  

b )  Consider 

all evalua ted  a t  Q = gp(E) ( o r ,  equ iva len t ly ,  a t  j = 0). 

a s u b i n t e r v a l  ( E '  

t h a t  anv i n i t i a l  d a t a  on t h e  cy l inde r  V6 , 

Then. i f  D(E) < 0 on 

E ' ) c ( E ~ ,  E2), there e x i s t s  6 > 0, independent of  E ,  such 
1' 2 

V6 := {j.E: OCjS6, E; < E < E; > x S1xsl , (5.21) 

can l e a v e  t6 on ly  at  E = E; o r  E = E;. Furthermore, if 

* # 

B (E;,O) < 0 < B (E;, 0 )  , 

t hen  '6 is a subse t  o f  an  a t t r a c t o r  bas in  o f  (1.1) . 6 

( 5 . 2 2 )  
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c )  Assume 

If t h e  assumptions o f  tb) a l s o  hold,  t hen  t h e r e  e x i s t s  a 6-neighborhood o f  

" = 0, Eo' x S x .?$ which a t t racts  s o l u t i o n s  of (1 . l ) t s ee  p o i n t  2 i n  Fig. 2h). 

I n  g e n e r a l ,  cond i t ions  (5.23) guarantee e x i s t e n c e  of a s i n g l e  p e r i o d i c  o r b i t  i n  

1 
1' 1 

a neighborhood 

l I ~ - + ~ ( E ) I < O ( E , ,  I W I  < O W ,  IE-E'I o t&  

and its p e r i o d  is c l o s e  t o  t h a t  of t h e  unperturbed svstem at E = E". This  

p e r i o d i c  s o l u t i o n  may be surrounded by a two-dimensional a t t r a c t i n g  t o r u s  a t  

an O(JE) d i s t a n c e  from t h e  e l l i p t i c  branch a t  E = Eo . I 

A s l i g h t  g e n e r a l i z a t i o n  on t h e  hypotheses of  (b) is given i n  

I Corollary 5.1. Let 6>0 such t h a t  
* 

A ( E , 6 )  < 0 ,  - 

B ( E ; , j )  < 0 < B ( E ; ,  j) , 
* * 

i n  0 < j < 6 , E; $ E < E ;  . Then t h e  c y l i n d e r  g 6 ,  with t h e  above 6 ,  is an 

I a t t r a c t o r  bas in  o f  t h e  flow ( n o t  n e c e s s a r i l y  maximal). I n  p a r t i c u l a r ,  any 

i n i t i a l  data i n s i d e  t h e  c g l i n d e r  g i v e  r i se  t o  a t r apped  s o l u t i o n  s a t i s f y i n g  t h e  

resonance r e l a t i o n  p/q . 

Proof of  Theorem 3 and Coro l l a ry  5.1. Consider Eq. ( 5 . 9 ~ ) .  If E is small 

enough, (5.11) guarantees t h a t ,  f o r  

I j > b J F ,  b > O ,  

we g e t  

By choosing 
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(s.9~) y i e l d s  
$ > - - > > 1 .  1i;.  
d-c 

So,  f o r  j > b J F ,  we may apply averaging t o  (5 .9a.b)  by an O(JE) change o f  

v a r i a b l e s  = j + OCJ;) , E = E - Eo + O(JE) . t o  o b t a i n  

d.r 
(S.24b) 

t o g e t h e r  with (S.9c,d)  appropr i a t e ly  transformed. Notice now t h a t  

s u b s t i t u t i n g  E = O  i n t o  (S .9a ,b )  changes A, B on ly  by OtJc) terms s o  t h a t  A , B 
* *  

can be computed a t  E=O without changihg t h e  leading terms i n  (5.24). The 

conclusion of  ( a )  fo l lows  by l i n e a r i z i n g  (S. 24) near its c r i t i c a l  po in t  

( l i m i t  c y c l e )  and applying t h e  s t a b l e / u n s t a b l e  manifold theorem f o r  a system 

of t h e  above type (see Kel ley,  1967, Theorem 4). 

The averging p rocess  cannot be extended t o o  c l o s e  t o  t h e  e l l i p t i c  branch 

j = O ,  but  A and B*are ck-2 i n  t h e  neighborhood of j = O  by Lemma 5.3. 

Thus 

* 

* 2 A ( j , E )  = - a A * ]  * j + o ( j  ) 
j = o  

8 

since A ( 0 , E )  = 0. Therefore ,  given 6 > 0 small enough, independent ly  of  E ,  

8 
A ( j , E )  C 0 f o r  j t 6  , E E ( E ; , E ~ )  , provided 
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The above cond i t ion  can be shown t o  be equ iva len t  t o  D(E) < 0 a s  given i n  (b), 

using (5.10) and (5 .18 ) .  Thus, t h e  first p a r t  of (b) fo l lows  by cons ider ing  

t h e  averaged system (5.24) at j = S ,  away from t h e  e l l i p t i c  branch, and using 

t h e  f a c t  t h a t  j = 6  s e p a r a t e s  t h e  four-dimensional phase space .  

Turning t o  t h e  second s ta tement  of ( b ) ,  we cons ider  t h e  averaged system on 

t h e  set 

t o  conclude t h a t  s o l u t i o n s  cannot escape %* through t h e  above set .  For 

aj<t& we n o t i c e  
* 

B ' ( j , E , E )  = B ' ( O , E , < )  + OCJE) = B ( 0 , E )  + O<JE) 

due t o  the  Ck-' d i f f e r e n t i a b i l i t y  of B at  j =O.  Thus, t h e  non-averaged system 

(S .9aTb)  g ives  t rapping  wi th in  t h e  interval  (E;,Ek). This concludes t h e  proof of 

( b )  and t h e  c o r o l l a r y .  
8 A 

As for ( c ) ,  B " ( O , E , E )  = B ( O , E )  = F2 on t h e  e l l i p t i c  branch. Hence we g e t  

lrom (S .23a) ,  by using (5.11) and (B.51, t h a t  c ( f )  = 0.  

Thus, r e s t r i c t i n g  ou r se lves  t o  t h e  domaln 

' I E - f I (  a JE , j > b 6)  , 1 
(5.25) 

we o b t a i n  

JFalc'(Eo)I + O ( E )  - - 
be lh31< 

If we choose 

( 0 , E )  a - c  * IC'<&% 

and a,b a r b i t r a r y  i f  = 0 ,  we g e t  
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uniformlv i n  t h e  domain (5.25). Thus, we can  perform t h e  averaging throughout 

t h e  above domain. Now, we can assume 

by c a r r y i n g  t h e  fast averaging of  Sect. 2 on t o  t h e  next  o rde r .  Then w e  apply 

t h e  s low averaging t o  A' + &h0 t o  conclude, w i t h  5 and E as i n  (5.24) t h a t  I 

with hi 

g e t  a n  a t t r a c t i n g  p o i n t  of  (5.26) at 

by t h e  assumption of t h e  theorem. Thus, i f  b(I(0, 8 )  > 0 we 
- 

h; ( 0  , Eo ) 

A ,tO,Eo) 
f = J Z  + O ( € )  . 

J 

which, f o r  E small enough, is well imbedded i n  t h e  domain ( 5 . 2 5 ) .  Applying 

aga in  t h e  s t a b l e / u n s t a b l e  manifold theorem t o  (5 .26)  t o g e t h e r  with (S.9c,d)  

we o b t a i n  t h e  e x i s t e n c e  of an a t t r a c t i n g  t o r u s  i n  t h e  above neighborhood. 

To prove t h e  e x i s t e n c e  of a unique p e r i o d i c  s o l u t i o n ,  r a t h e r  t h a n  a t o r u s ,  

with p e r i o d  O ( 1 )  s a t i s f y i n g  t h e  estimate of  Theorem 3, w e  have t o  r e t u r n  t o  t h e  

nonaveraged Eqs. (2.4). Then the claim fo l lows  by applying t h e  i m p l i c i t  

f u n c t i o n  theorem t o  t h e  transformed Eqs. (2.4). The f u l l  proof is given i n  

Appendix C. OED 

The e x i s t e n c e  proof of surviving p e r i o d i c  s o l u t i o n ,  g iven  i n  Appendix C,  



-38- 

- 
a l s o  y i e l d s  t h e  uniqueness of such a s o l u t i o n  i n  a O(JE) neighborhood of t h e  

s t a t i o n a r v  point  ( 5 . 2 3 )  on t h e  e l l i p t i c  branch. We cannot ,  however, conclude 

anything about long-period s o l u t i o n s  i n  a O t c )  neighborhood of such  p o i n t ,  nor 

t h e  de t a i l s  of the flow t h e r e .  Th i s  is due t o  t h e  f a c t  t h a t  slow averaging can- 

not be carried out i n s i d e  t h e  domain (5 .251 ,  un les s  t h e  e x c e p t i o n a l  case c'(Eo) 

= 0 holds .  Outside a c e r t a i n  neighborhood of t h e  s t a t i o n a r y  p o i n t s ,  w e  conclude 

t h a t  t h e  flow i n  t h e  annulus 

1 
J 

* 
N := 'b& < j < 6 , IB (O,E)I> 6 1 

is t r a n s v e r s a l  t o  t h e  energy s u r f a c e ,  provided b is l a r g e  enough and 6 is small 

enough, both independently of  E .  

I 

I 

The flow i n  N a l s o  o s c i l l a t e s  around t h e  e l l i p t i c  branch w i t h  an OCJ:)  

per iod  due t o  t h e  n a t u r a l  o s c i l l a t i o n  of t h e  Hamiltonian system ( S . 1 ) .  I n s i d e  a 

OC&) neighborhood of  t h e  e l l i p t i c  branch, t h e  above o s c i l l a t i o n s  s t o p  and reverse 

d i r e c t i o n  a t  t h e  contour: 

- JF C ( E )  s i n  F, 
Y 

O <  j =  
W ( E . 0 )  

(5 .27)  

I as can  be checked out by s e t t i n g  

I i n  ( 5 . 9 c ) ,  and using (5.11). 

I n  Fig.  3 w e  i l l u s t r a t e  t h e  flow i n s i d e  a JF neighborhood of t h e  e l l i p t i c  

branch a t  nons t a t iona ry  p o i n t s ,  where + O ( E )  is clockwise i n c r e a s i n g  i n  time. 

I In t h e  case  + O ( E )  i nc reases  i n  t h e  oppos i t e  d i r e c t i o n ,  t h e  whole phase p o r t r a i t  

shou ld  be r e f l e c t e d  i n  t h e  v e r t i c a l  axis  s i n c e  c ( E )  > 0 i n  t h i s  case (see remark 
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a t  t h e  end of the proof o f  Lemma 5 . 3 ) .  

[Fig.  3 near  here. p l e a s e l  

So f a r  w e  concen t r a t ed  on t h e  small neighborhood of 3 hyperbo l i c  branch 

+ = $'(E) (Theorem 1) o r  on t h e  a r b i t r a r y  neighborhood ( n o t  n e c e s s a r i l y  smal1)of 

an e l l i p t i c  branch (Theorem 3 ) .  The method of slow averaging c l e a r l y  f a i l s  very 

c l o s e  t o  t h e  separatrix a s s o c i a t e d  with a g iven  hype rbo l i c  branch (see F igs .  

2b and 41, s i n c e  t h e  p e r i o d  of t h e  o s c i l l a t i o n s  becomes unbounded and t h e  

d i s t i n c t i o n  between t h e  4: time scale o f  t h e  o s c i l l a t i o n s  and t h e  E t i m e  s c a l e  

of energy e v o l u t i o n  breaks down. I n  p a r t i c u l a r  t h e  two equa t ions  (5.20) no 

longe r  r e p r e s e n t  system (2.4)  t o  leading o r d e r  very c l o s e  t o  t h e  s e p a r a t r i x :  

t h e r e  t h e  e v o l u t i o n  of s o l u t i o n s  depends e s s e n t i a l l y  on t h e  phase E as  w e l l  as 

on t h e  a c t i o n  v a r i a b l e s  E,  j .  To analyze t h e  f low near  t h e  s e p a r a t r i x  it 

h e l p s  t o  d e f i n e  t h e  E-dependent func t iona l  
- 

E where t h e  in t eg rand  is t aken  over t he  s e p a r a t r i x  of t h e  Hamiltonian H H ( E = O )  

i n  ( S . l ) ,  eva lua ted  f o r  E f i x e d .  

Remark. This  d e f i n i t i o n  is i n s p i r e d  by t h e  w e l l  known Melnikov (1963) f u n c t i o n .  

hence t h e  use of  tf i n  t h e  no ta t ion .  

[ F i g .  4 near  h e r e ,  please3 

Theorem 4. a )  M(E) is well defined for every value of  E i n s i d e  the domain o f  

a hyperbolic branch t$ = t$ ( E )  (Definit ion 3.1) . h 

b) Assume 
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e rhere E ) i s  an in t e rva l  on which bo th  an elliptic branch Q ( E )  and m 

adjacent  hyperbol ic  branch + ( E )  are well  de f ined  ( F i g .  5 ) .  Then there  exists 

(El. 2 
h 

b ( ~ ) ,  w i t h  l i m  6 ( ~ )  = 0 ,  such tha t  any s o l u t i o n  of (l.l)y i n i t i a l l y  i n  t h e  

domain: 
€ +o 

c m  escape resonance ( i . e . ?  cross the  s e p a r a t r i x  of H )  o n l y  a t  some E > E o r  

E < El. 

2 

I n  p a r t i c u l a r ,  cond i t ion  (5 .28)  guaran tees  t r app ing  of a l l  s o l u t i o n s  i n s i d e  

t h e  s e p a r a t r i x  of H, up t o  a set  of  a r b i t r a r i l y  small measure f o r  E small 

enough. 

- 

Proof: The convergence o f  t f ( E )  fo l lows  from t h e  nondegeneracy c o n d i t i o n  of t h e  

hyperbol ic  branch (3 . lb ) .  Consider now a s o l u t i o n  of ( S . 1 )  with Hamiltonian 

h - mere FI(E)  := Q ( E , +  (E)),and l e t  T ( 6 , E )  be t h e  o s c i l l a t i o n  p e r i o d  of t h i s  s o l u t i o n  

f o r  f i x e d  E i n  the given i n t e r v a l .  Asse r t ion  ( b )  of t h e  theorem w i l l  f o l low i f  

we  show t h a t ,  a t  time T = T ( 6 , E )  

(5.30) 

where W', E ' ,  + I y  are given as t h e  s o l u t i o n  of  (2 .8)  a t  t i m e  T ( 6 , E ) .  
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The lef t -hand s i d e  o f  (5 .30)  is est imated by 

(5.31) 

vhere t h e  in t eg rand  is t aken  aga in  over t h e  contour (5.291, for t h e  same, f i x e d  

E. Since t h e  in t eg rand  o f  (5.31) is pe r iod ic  with pe r iod  T ( 6 , E ) ,  t h e  in t eg ra -  

t i o n  l i m i t s  can be changed t o  '-T/Z, T/2) . Using (5.9b1, (5.lOb) and (5.14), 

one can  write (5.31) as 
1 

Using i n t e g r a t i o n  by p a r t s ,  the  T-periodici ty  of t h e  i n t e g r a n d  and t h e  

i d e n t i t y  f i (E)  - H = W2/2 (cf .  D e f i n i t i o n  S.l),we t a k e  t h e  d e r i v a t i v e  a / a E  out- 

s i d e  t h e  i n t e g r a l  s i g n  i n  (5.32) and rewrite it as 

- 

As 6+0, T ( 6 , E )  + QD and t h e  i n t e g r a l  above converges t o  -JF tl ( E ) .  The r e s u l t  of 

t h e  theorem fo l lows  by choosing E ,  6 s u f f i c e n t l y  small so t h a t  

Remark. I f  system (1.1) is of Hamiltonian t ype ,  and depends e x p l i c i t l y  on t i m e  

due t o  a slow parameter \ ( E t ) ,  system (5.20) is degenerate  and Theorem 3 is 
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void.  In f a c t .  we get: i n  t h i s  case 

while  t h e  second term i n  t h e  d e f i n i t i o n  (S. lOa)  of A' is i d e n t i c a l l y  zero.  

€ f o r  t h e  f i r s t  term of A , it can be shown t h a t :  

As 

' . . \ i n  
\fi 7 a i  J where < H >  is t h e  \I' average of t h e  Hamiltonian p e r t u r b a t i o n  inducing 

(1.1) and f ( E )  a given func t ion .  The term above van i shes  under slow 

averaging wi th  r e spec t  t o  E ,  and t h u s  A Thus, (5 .26a )  i n d i c a t e s  t h a t  

j ,  o r  I, is an a d i a b a t i c  i n v a r i a n t  and undergoes OtJc) v a r i a t i o n  over  an O ( c - l )  

time i n t e r v a l .  

* 
= OtJz). 

- 
- 

For gene ra l  p e r t u r b a t i o n s  'f i ,gi)  however system (1.1) is o f t e n  dis s ipat ive .  

A c o n d i t i o n  f o r  d i s s i p a t i v e  behavior over  0 t e - l )  time can be s t a t e d ,  i n  terms 
1 

of t h e  twice-averaged system (5 .20) ,  as  

(5.33) 

Near a s t a b l e  e l l i p t i c  po in t  t h i s  c o n d i t i o n  is c e r t a i n l y  s a t i s f i ed ,  s i n c e  

both aA / a j  and a/B / a j  are negat ive.  I n  a neighborhood of  a more gene ra l  
8 

a t t r a c t o r ,  c f .  Theorem 3 ,  c o n d i t i o n  (5.33) does not  have t o  ho ld  a t  every 

po in t  of t h e  a t t r a c t o r  b a s i n ,  but  does ho ld  a sympto t i ca l ly  as  o r b i t s  approach 

t h e  a t t r a c t o r .  
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6. Summary and Discussion 

We have s t u d i e d  t h e  neighborhood of a given resonant  manifold U of  
P7 Q 

. an i n t e g r a b l e  Hamiltonian, i n  t h e  presence  of gene ra l  p e r t u r b a t i o n s  

( 1 . 1 , l . Z ) .  Under s u i t a b l e  t e c h n i c a l  c o n d i t i o n s ,  it w a s  shown t h a t  t h e  

Poincar6-Birkhoff theorem f o r  Hamiltonian p e r t u r b a t i o n s  i n  two degrees  of 

freedom g e n e r a l i z e s  as fo l lows:  1) There e x i s t  p a i r s  of a l t e r n a t i n g  e l l i p t i c  

and hyperbol ic  quasi-preserved pe r iod ic  s o l u t i o n s ,  appearing as p o i n t s  on a 

s u i t a b l y  reduced, two-dimensional r e p r e s e n t a t i o n  of U (Lemma 3.1). 2) 

Near hyperbol ic  p o i n t s  t h e r e  e x i s t  open escape sets of i n i t i a l  d a t a  on U P, Q 

which lead t o  s o l u t i o n s  leav ing  i n  f i n t t e  time an E-independent &neighborhood 

of n (Theorem 2 ) .  3) Near e l l i p t i c  p o i n t s ,  i n v a r i a n t  manifolds  of 

s o l u t i o n s  e x i s t  and are s t a b l e  i n  t h e  l a r g e ,  having one, two o r  t h r e e  

PI Q 

P, Q 

dimensions (Theorem 3 and Coro l l a ry  5.1).  

An at tempt  t o  draw a g l o b a l  phase portrait of s o l u t i o n s  from t h e s e  r e s u l t s  

has t o  t a k e  i n t o  account t h e  whole s e t  of resonant  manifolds  in phase space .  

I n  f a c t ,  s i n c e  resonant  t o r i  c o n s t i t u t e  a dense se t ,  there e x i s t s  a resonant  

manifold H a r b i t r a r i l y  c l o s e  t o  any p o i n t  i n  phase space .  
P I  4 

However, a c a r e f u l  cons ide ra t ion  of t h e  averaging procedure of Sect. 2 

w i l l  i n d i c a t e  t h a t  any i n t e g r a t i o n  over  t h e  f a s t  phase \I' w i l l  c o n t r i b u t e  an 

O ( J p  +q 1 term. S ince  i n  t h e  process  of averaging we had t o  i n t e g a t e  twice  2 2  

with  r e s p e c t  t o  t h e  fas t  phase ( s e e  d e f i n i t i o n  of u i n  Eq. ( 2 . 7 a ) )  t h e  O ( E )  

terms on t h e  right-hand side of (2.8) are, i n  f a c t ,  of order  E ( P  +q 1. For our  

1 
2 2  

a n a l y s i s  t o  remain valid,  t h e s e  terms shou ld  be kept  small wi th  r e s p e c t  t o  t h e  

O<Js> terms. Thus we may d e f i n e  a near-resonance r e l a t i o n  by 

2 2  J 2 p  +q ) << 1 
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f o r  any p , q  mutually prime. Hence? f o r  given E ,  we need cons ide r  on lv  a 

f i n i t e  s e t  of resonant  manifolds,  and t h i s  se t  w i l l  i n c r e a s e  as  E becomes 

smaller. 

I t  appears t h e r e f o r e  a t  f i r s t  t h a t  t h e  smaller t h e  p e r t u r b a t i o n ,  

l a r g e r  t h e  p o s s i b i l i t y  of t r app ing  by high-order resonances.  T h i s  

however, not the case. For high-order resonance, t h e  d e v i a t i o n  of F1 

from its t o r u s  average F(E) (Eq. ( 4 . l a ) )  becomes small, 

n 

- 

where 6 is a new o rde r ing  parameter which depends on t h e  o r d e r  p 2 + q 2  of  t h e  

resonance and the smoothness of F1. S ince  F(E) has.  g e n e r i c a l l y ,  a d i s c r e t e  

se t  of nondegenerate ze roes  on any E- in t e rva l ,  and no degenerate  z e r o e s ,  F1 

w i l l  have. f o r  high enough resonances,  a d e f i n i t e  s i g n  on any E- in t e rva l ,  

excluding small r eg ions  near t h e  r o o t s  of  F. By applying C o r o l l a r y  4.1 w e  

f i n d  t h a t  any p a r t  of t h e  resonant  manifold f o r  which F1(E,+) # 0 on t h e  whole 

t o r u s  l a b e l e d  by E w i l l  escape t h e  resonance. Near t h e  z e r o e s  of F t h e  

func t ion  F2(E ,+) ,  which can a l s o  be approximated i n  t h i s  c a s e  by a f u n c t i o n  of 

t h e  energy a lone ,  is g e n e r i c a l l y  nonzero, and t h e  s o l u t i o n  w i l l  be pushed away 

from t h e  ze ro  neighborhoods of p, t h u s  escaping t h e  resonance. Hence: c a p t u r e  

by a high-order resonance is r e a l l y  an excep t iona l  phenomenon i n  t h e  presence 

of any d i s s i p a t i o n .  

A 

n 

- 

A 

A 

One may t r y  t o  e x p l a i n  t h e n ,  i n  t h e  s p i r i t  of t h e  obse rva t ion  above, t h e  

low-order resonance r e l a t i o n  2:s observed f o r  t h e  pe r iods  of r e v o l u t i o n  of 

J u p i t e r  and Saturn.  The Sun, J u p i t e r  and S a t u r n  c o n s t i t u t e  t h e  most massive 

bodies i n  t h e  s o l a r  system, and t h e i r  motion, neg lec t ing  o t h e r  bod ie s ,  is 

governed by equat ions with s i x  degrees of freedom i n  center-of-mass c o o r d i n a t e s .  
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However. two p a i r s  of degrees  o f  freedom are degene ra t e ,  due t o  the e x i s t e n c e  

of a d d i t i o n a l  i n v a r i a n t s !  bes ides  energy and momentum ( G o l d s t e i n ,  1980) .  so 

t h e r e  are only two independent f requencies ,  corresponding t o  t h e  pe r iods  of 

r e v o l u t i o n  of t h e  p l a n e t s  on t h e i r  unperturbed e c l i p t i c s .  Hence, t h e  a n a l y s i s  

can,  i n  p r i n c i p l e ,  be carried ou t  i n  a way similar t o  t h e  case of two degrees  

of freedom t r e a t e d  here .  I n  o r d e r  t o  f i n d ,  however, t h e  a c t u a l  domains of 

resonance cap tu re ,  we have t o  know more about t h e  non-Hamiltonian p a r t  of t h e  

p e r t  u r  bat ion .  

The idea t h a t  resonances among the Ga l i l ean  s a t e l l i t e s  of  J u p i t e r  a r e  due 

t o  t ida l  d i s s i p a t i o n  goes back t o  Laplace. Tidal e f f e c t s  are used r o u t i n e l y  

i n  c a l c u l a t i n g  t h e  ephemerides of  t h e  moon. S t i l l ,  much less  is known 

q u a n t i t a t i v e l y  about t h e  e f fec ts  of t ides ,  r a d i a t i o n  p r e s s u r e  and o t h e r  non- 

conse rva t ive  phenomena i n  t h e  s o l a r  system (Buys and G h i l ,  1984, and f u r t h e r  

r e f e r e n c e s  t h e r e i n ) ,  t han  about the g r a v i t a t i o n a l  i n t e r a c t i o n  between t h e  

sys t em ' s  main bodies ,  on which a t t e n t i o n  has  j u s t i f i a b l y  focused during t h e  

l as t  200 yea r s  of ce l e s t i a l  mechanics (Depri t  e t  al., 1984) .  Motivation t o  

s t u d y  d i s s i p a t i v e  and f o r c i n g  e f f e c t s  comes from t h e  f a c t  t h a t  proxy d a t a  on 

p e r i o d i c i t i e s  of o r b i t a l  parameters m i l l i o n s  of y e a r s  ago a r e  s t a r t i n g  t o  

appear i n  t h e  pa l eoc l ima to log ica l  l i t e r a t u r e .  Hence q u a n t i t a t i v e  v e r i f i c a t i o n  

of a c t u a l  o r b i t a l  c a l c u l a t i o n s  v a l i d  over 10 -10 y e a r s  might be p o s s i b l e  i n  

t h e  near  f u t u r e  (ibid. ) .  

7 8  

To consider  t h e  f u l l  set  of 8 resonance r e l a t i o n s  suspec ted  t o  e x i s t  

between t h e  s o l a r  sys t em ' s  9 p l ane t s  (Holchanov, 1969) ,  one has  t o  ex tend  t h e  

a n a l y s i s  t o  more t h a n  two degrees  of freedom. T h i s  e x t e n s i o n  is by no means 

t r i v i a l ,  s i n c e  slow averaging (Sect.  5 )  is i n  g e n e r a l  impossible  f o r  n > 3.  

S t i l l ,  c e r t a i n  e x p l i c i t  condit ' ions can be d e r i v e d  under which p a r t  of t h e  

asymptotic s t a b i l i t y  r e s u l t s  presented here  apply.  These g e n e r a l i z a t i o n s  w i l l  
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I 

be t aken  up i n  a separate  paper.  
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.. 

Appendix A. Proof o f  Lemma 5.4 

By an E-dependent t r a n s l a t i o n  and r o t a t i o n  of t h e  c o o r d i n a t e s  we may assume 

c Q p ,  6') = 0 and HE t a k e s  t h e  f o r m :  

h = 0cgk + $1 E Co, and a l l  c o e f f i c i e n t s  have a ck dependence on E. 

Introduce now t h e  canon ica l  s e t  of coordinates  I o ,  E o  by t h e  t r ans fo rma t ion  

With ! P . . 2 ! ,  Eq. ( A . 1 )  t a k e s  t h e  form: - 

1 / 2  k/2 
H~ = 001' + c IO P ~ O )  + I o  G(Io, Eo) , 

3< iS k 

(A.2a) 

( A .  2b) 

( A .  3 )  

0 1/2 where P a r e  t r i gonomet r i c  polynomials i n  F; , G is C1 i n  JF and uo = (2F)  . 
i 

The proof proceeds i n  2 s t e p s :  
- -  

a )  There e x i s t s  a canon ica l  t ransformation:  (Io,  E o )  + (I ,  E ) ,  a n a l y t i c  i n  

JF, C: which t ransforms HE i n t o  

(A .  4) 

where 

1 -3/2 k-2 -k/2 
U ( k ) = u O ~ + o  1 + . . + a  I 

and is continuous.  For b r e v i t y  t h e  E dependence of a l l  t h e  terms has been 
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! 

az?presseC. 
- -  - -  

, 5 !  There e x i s t s  a canonical  t r ans fo rma t ion  ( I ,  5 )  + (7, < )  t ak ing  (A.4) i n t o  
I 

Kith 

E - -  H = u ( I )  (A.Sa) 

( A .  5b) 

(A.Sc) 

and 2,  2 continuous. 

Proof o f  ( a ) .  Assume w e  have t h e  t r ans fo rma t ion  ( I  .. E 1 + ( 1  , F: 1 ,  a n a l y t i c  

i n  J I o ,  by which 

0 0  1 1 

E 
In terms of which f i  t a k e s  t h e  form 

Khere n Z 3 ,  while P and G a r e  as i n  ( A . 3 ) .  Introduce now t h e  gene ra t ing  

f unc t i o n  

* * 
where $ ; P  = (1 /2n)  ( P  - P )dF , P being t h e  p e r i o d  average of P. Then, t h e  

t r ans fo rma t ion  ( I 1 ,  E ' )  + (I1', € I 1 )  can be given i n  an i m p l i c i t  form 
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I t  is ev iden t  t h a t  ( A . 8 )  is a n a l y t i c  i n  47' and E' i f  I '  is small enough. 

The t r ans fo rma t ion  ( A . 8 )  can be wr i t ten  e x p l i c i t l y  by a convergent power 

series i n  (I")'". I n  p a r t i c u l a r ,  applying t r igonomet r i c  polynomials on both 

s ides  of (A.8b) and expanding i n t o  a Taylor series up t o  d e s i r e d  o r d e r ,  we may 

in t roduce  

where E is an analytic remainder and P.  are t r igonomet r i c  polynomials.  
I 

One can e a s i l y  v e r i f y  t h a t ,  by t h i s - t r ans fo rma t ion ,  ( A . 6 )  keeps its g e n e r a l  

w 4  j > n - 2,and G , G . form, wi th  a proper change of t h e  d e f i n i t i o n  of  P" 

S u b s t i t u t i n g  ( A . 8 )  i n t o  (A.7) w e  obtain 

P4 
j '  j ' 

where 

8 
P being,  as be fo re ,  t h e  p e r i o d  average of  P. The proof of  ( a )  is completed 

by i n d u c t i o n  on n up t o  n = k. 

Proof o f  (b). 

( A . 6 )  holds.  

Using ( a )  w e  can def ine 7, f by which HE t a k e s  t h e  form (A.4) and 

€ Define t h e  new a c t i o n  ?, as a f u n c t i o n  of H , by 
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E 
vhere t h e  i n t e g r a l  is taken over  t h e  contour  H = C . On HE = C, we g e t ,  by 

( A .  4), 

and, s i n c e  d a ( k ) / d i  # 0 for 7 small enough, 

- k/2 
r = c' + o t l  , 

where u ( ~ ) ( C ' )  = C. Thus, from ( A . 9 ) ,  

The angular  v a r i a b l e  f can now be c a l c u l a t e d  by means of t h e  gene ra t ing  

f u n c t i o n  

from which w e  g e t  

- - - 
S u b s t i t u t i n g  f, 5 ,  i n  ( A . 6 1 ,  i n s t e a d  of  I '  7 and E '  Z 5 ,  w e  can  v e r i f y  t h a t  

t h e  expansion is unchanged up t o  power k-I of J?. The f i n a l  form (5.18) is 

and applying aga in  t h e  t r a n s l a t i o n  and ob ta ined  by s u b s t i t u t i n g  j = (27) 

small (OCJS)) r o t a t i o n  t o  t h e  o r l g i n a l  v a r i a b l e s  w, +. 

112 
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Appendix B. Behavior of  t h e  O c J E )  Frequency near t h e  E l l i p t i c  Branch 

We prove here  Eq.  (5.11) i n  Lemma 5.3. Introduce t h e  new v a r i a b l e s :  

I /2 
q = F1l4 47 cos (E + K )  = (2 $/2) j cos (E + K )  , ( B . l b )  

It is e a s i l y  shown t h a t  ( p , q )  are  a canon ica l  p a i r  where F, K are as i n  (5.18).  

f o r  HE. r e l a t e d  by a canon ica l  t ransformation t o  i,+. By (5.18) we g e t  

2 1  + = +P(E)  + p + j G ( j ,  E, 5 )  , (B.2b) 

4 9  
and G', G- E Ck-' i n  a l l  variables by Lemma 5.4. From ( B . 1 )  one t h e n  o b t a i n s  

As F = F ( E )  and K = K(E) a r e  both smooth by Lemma 5 .4 ,  and dE/d.r t ends  t o  a 

d e f i n i t e  l i m i t  as j + 0 by  the Ck-' extension of t h e  right-hand side of ( 5 . 3 b ) ,  

t h e  second term of ( B . 3 )  tends uniformly t o  0 with j .  As f o r  t h e  f i r s t  term, 

we g e t  by (B.2): 
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Since d+/d.r, &dr, d j / &  a l l  have a bounded l i m i t  as j + 0 ,  and ? ) . g P  are 

smooth i n  E we conclude. upon s u b s t i t u t i n g  (B.4) i n  ( B . 3 ) .  t h a t  j dc/d.r has a 

d e f i n i t e  l i m i t  as j + 0 .  

I n  o rde r  t o  eva lua te  t h i s  l i m i t ,  one sets j = 0 i n  (B.4) t o  y i e l d  

We evaluate t h e  leading t rms, up t O(JZ), of  ( B . 5 )  which c o n t r i b u t  

t o  (B.3) i n  t h e  l i m i t  j = O .  

use (2 .9a .b )  and compare it t o  t h e  Hamiltonian system (5.1). 

To e v a l u a t e  t h e  c o n t r i b u t i o n  of d+/d.r and dG1d.c we 
- 

Those terms on t h e  right-hand s i d e  of ( 2 . 9 )  which equa l  t h e  ones p re sen t  

i n  (S.1) w i l l  con t r ibu te  only t o  t h e  va lue  of i ( j , E )  = dF/d.c (compare (5.4) 

and (5.912)). which is uniformly bounded a t  j=O. Thus, nonzero c o n t r i b u t i o n s  t o  

j dF/d.r a t  j = O  w i l l  come only from t h o s e  terms i n  ( 2 . 9 a , b )  which d e v i a t e  from 

t h e  Hamiltonian formalism of  (5.1). Since  O(1) terms are  i d e n t i c a l  i n  both 

svstems,  we consider  O ( J E )  terms. These terms are a l s o  i d e n t i c a l  i n  both 

systems f o r  d4/d.r ,  while comparing ( 2 . 9 a )  t o  ( S . l b )  shows t h a t  dW/d.c i nc ludes  a 

d e v i a t i o n  

- 
A t  j = 0 ,  W = 'jP which is of o r d e r  JC (see ( 5 . 2 ~ )  ) . Thus, dG1d.c c o n t r i b u t e s  

nothing t o  O(JE), and t h e  only c o n t r i b u t i o n  t o  t h i s  o r d e r  i n  ( B . 3 )  comes from 
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S u b s t i t u t i n g  t h e  above i n  (B.3), dividing by J e  tupon t ransforming t o  t h e  

T = J c  T t i m e  sca le )  and l e t t i n g  j + 0 we g e t  
- 

By eva lua t ing  d + O / d E  from d e f i n i t i o n  3.1 we o b t a i n  c ( E )  of (5.11) as: 

Appendix C. The Existence of Unique Pe r iod ic  Solutions 

We in t roduce  t h e  fol lowing v a r i a b l e s  i n  a OtJ:) neighborhood of an 

e l l i p t i c  branch tp, 4'): 
- 

W' = W - # ( E o )  , (C.la) 

E' = E - E o  (C. Ic )  

and d rop  t h e  primes f o r  convenience. S u b s t i t u t i n g  t h e s e  v a r i a b l e s  i n t o  (2.41, 

we el iminate  (2.4d)  by using $ as t h e  independent v a r i a b l e .  Denoting y by t 

we are led t o  t h e  nonautonomous system 

W = cUI(W7 E ,  9, t; € 1  , (C.2a) 
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where 

we s h a l l  t a k e  f o r  s i m p l i c i t y  t o  be 2n. 

UZ. Vz a r e  ck i n  a l l  v a r i a b l e s  and with f i x e d  pe r iod  i n  t ,  which 

From (C.1)  and t h e  d e f i n i t i o n  of Eo, +', we g e t  

P'Ul = p'u2 = 0 

a t  t = W = E = 4 = 0, where P s t a n d s  f o r  t h e  t -per iod  average. Define now 

- 
Gi (zZf  z ) := P.U.(O, z2, z t; 01, i = 1, 2. 3 1 3' 

Then, f o r  i = 1, 2 is k t imes L ipsch i t z  cont inuous by assumption, and 

- 
~,tO,Ol = G2 ( 0 , O )  = 0 . 

The s ta tement  of  Theorem 3 ( c )  fo l lows  from t h e  fol lowing.  

Lemma. Consider (C.2)  with the assumptions above. If, i n  addi t ion,  

a -  a -  - -  a - a E 2 * o  
Gi % Gz az3 Gi 5 J(G) = - 

(C.3) 

( C . 4 )  

holds a t  z2 = z3  = 0, 

(C.21, which is O ( c )  in the maximum norm. 

then there  e x i s t s  an i s o l a t e d  2n-periodic  s o l u t i o n  of 

In fact ,  one can e a s i l y  check t h a t  (C .4 )  is equ iva len t  t o  (5.23) by t h e  

d e f i n i t i o n  of  B* and t h a t  of t h e  e l l i p t i c  branch ( D e f i n i t i o n  3.1). 

Proof of the Lemma. The proof is a g e n e r a l i z a t i o n  of t h e  method in t roduced  by 

Hale (1980, Sec. 5.3) f o r  non-hyperbolic systems. Define t h e  Banach spaceIB a s  
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1 IB := ' z  1.1 (t), z 2 t t ) ,  z 3 ( t )  : z . ( t )  1 is cont inuous and 2n-periodic " 

with t h e  norm iizii = max (maxlz (til). L e t  X be as i n  D e f i n i t i o n  2.1. For 
i = 1 , 2 , 3  t 

each E > 0 and cons t an t s  ai, a a define t h e  ope ra to r  Z':B+B componentwise as 2' 3 

Ti = E a  + eX(I-P)UI ( z  ( t ) ,  z 2 ( t ) ,  z g t t ) ,  t ;  e) , (C.Sa) I 1 

It is evident  t h a t  T is cont inuously dependent on E ,  ai . By t h e  L i p s c h i t z  

p rope r ty  of Ui, Vz w e  can find e > 0 f o r  which T maps t h e  u n i t  ball  i n t o  

i t se l f  and is con t rac t ing .  Hence, we finh a f i x e d  po in t  z = z (a, t, e) of T 

f o r  any a = tal, a2, a3) and e small enough. I t  can be checked e a s i l y  t h a t  
+ + + +  

zta,t;e) is continuous in a, e and L ipsch i t z  i n  a (by c o n t r a c t i o n ) .  By t h e  

d e f i n i t i o n  of X ,  z is a l s o  d i f f e r e n t i a b l e  i n  t .  

+ + +  

+ 

+ 

Taking t h e  t d e r i v a t i v e  of ( C . 5 )  we ge t  

z = E(Ui - P'UI) , 1 

z 3 = eX(I-P)Ut + E(I'P)V2 . 
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The l a s t  equation can be wri t ten ,  due t o  (C.S). as 

I' z = c ( I - P ) V 2  + z1 - E: a 3 

+ + +  
chere we subs t i tu te  z = zta,t:€) i n  ( C . 6 )  and (C.7). 

+ +  
Now zta,t;e) is a s o l u t i o n  o f  ( C . 2 )  provided 

p-ul = o , P - u 2  = 0 , P - V  + ai = 0 . 2 

For E = 0 ,  we get  by (C.5) :  

+ + + 
a3 - z ta,t;O) = 0 ,  z (a't;c) = a2 , z3(a,t;O) = i 2 

Let a2 = a3 = 0 . Then, by ( C . 3 1 ,  at E = - 0 

P.UI = P - u  = 0 . 2 

Define now: 

3 

0 f o r  E small enough, as 
+ +  Fi := P - U  (z(a,t;c),t;c) = F (Ea ,a ,a ; E ) ,  i = 1,2 , i i 1 2 3  

+ +  Fg := P - V  (zta,t;c),t;e) + a = F3 (a a a ;E)  . 2 I I' 2' 3 

(C. 7) 

(C.8) 

(C.9) 

Then, F is continuous i n  Q and Lipschitz  i n  a. 

by (C.9), while we choose 

A t  ai = E = 0, we g e t  Fi = F2 = 0 
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al o - -  - P - V z  ( O , O , O ; O )  . 
Hence 

F t a o , o , o ; E : ~ ~  = 0 . 
E =o 3 1  

By d e f i n i t i o n ,  i); is a l s o  d i f f e r e n t i a b l e  a t  E: = 0 .  One can now check t h a t  

by (C.4) .  An a p p l i c a t i o n  of t h e  i m p l i c i t  f u n c t i o n  theorem ( i n  some weak 

v e r s i o n )  leads t o  t h e  ex i s t ence  of a(€) f o r  which 
-3 

- 3 - B  
i f  E small enough, and t h u s  t o  t h e  s a t i s f a c t i o n  of (C.8). Hence, z(a(E:),t;c) 

is a fixed po in t  of (C.5) which is also is a s o l u t i o n  of (C.2). The 

uniqueness follows from t h e  uniqueness of t h e  i m p l i c i t  func t ion  toge the r  wi th  

t h e  observa t ion  t h a t  any s o l u t i o n  of (C.2) must be a f i x e d  po in t  of (C.5). 

OED 
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Lst of Figures 

Fig. 1. Sketch o f  averaging on t h e  &-time scale, i l l u s t r a t e d  f o r  a 2:l 

resonance. One of t h e  o r i g i n a l  T - t o r i  is shaded wi th  f i n e  d o t s .  The covering 

t o r u s  T2 is o u t l i n e d  I n  heavy dashed l i n e s .  The minimal p e r i o d  i n  t h e  slow 

v a r i a b l e  4, a f t e r  averaging wi th  respect t o  t h e  f a s t  variable $, is i n d i c a t e d  by 

heavy s o l i d  l i n e s .  

2 

I 
I Fig. 2. Diagram of quasi-preserved s o l u t i o n  branches.  ( a )  E l l i p t i c  ( s o l i d  

c i rc le )  and hyperbol ic  (open c i rc le )  quasi-preserved p o i n t s .  The resonant  mani- 

f o l d  W=O is shown as a c y l i n d e r ,  a f te r  averaging wi th  respect t o  $. To each 

va lue  of t h e  energy E corresponds i n  t h i s  diagram two, one o r  no pair of quasi-  

p re se rved  p o i n t s .  The e l l i p t i c  and hype rbo l i c  branches are s e p a r a t e d  by v e r t i -  

cal  t i c k  marks. (b) The dynamics o f  f low along t h e  quasi-preserved s o l u t i o n  

branches.  Arrows i n d i c a t e  t h e  d i r e c t i o n  of slow changes (on  t h e  time 

scale) of E (see Eq. (3.2) 1. Poin t  2 is a s tab le  e l l i p t i c  p o i n t  (see Theorem 

3c) ,  3 is an uns t ab le  e l l i p t i c  p o i n t ,  S is a hype rbo l i c  ( u n s t a b l e )  p o i n t  (see 

Theorem 11, p o i n t s  4 and 6 correspond t o  resonance breaking (compare Theorem 

Z), and 1 t o  resonance t r app ing .  

J I  
I J  

- 

Fig. 3. P r o j e c t i o n  onto a p l ane  E = const of t h e  f low near t h e  e l l i p t i c  branch 

a t  a nons ta t iona ry  p o i n t ,  where d+’/d.r < 0. The l i g h t  s o l i d  con tour s  r e p r e s e n t  

Hamiltonian-like o s c i l l a t i o n s  around t h e  e l l i p t i c  branch, and t h e  heavy dashed 

l i n e  r e p r e s e n t s  the contour (5 .27)  on which t h e  d i r e c t i o n  of  t h e  flow is 

reversed. The c h a r a c t e r i s t i c  time scale of o s c i l l a t i o n  Is J E ,  t h e  c e n t e r  of t h e  

o s c i l l a t i o n s  changes on an E t i m e  scale ,  and the  ampli tude and pe r iod  of 

o s c i l l a t i o n  changes on an  time scale. 
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Fig. 4. Large-amplitude o s c i l l a t i o n s  c e n t e r e d  on an e l l i p t i c  branch and 

bounded by t h e  reconnected (homoclinic) s e p a r a t r i x  a t  t h e  boundary of t h e  

ad jacen t  hyperbol ic  branch. ( a )  P r o j e c t i o n  onto t h e  resonant  manifold (compare 

Fig.  2 ) ;  double-headed arrows i n d i c a t e  amplitude of o s c i l l a t i o n .  ( b )  Perspec- 

t i v e  view of  f i n i t e - p e r i o d  (dashed)  and i n f i n i t e - p e r i o d  (homoclinic:  s o l i d )  

o s c i l l a t i o n s ,  a f t e r  averaging out  t h e  fast phase. 
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